
Proceedings for the Spring Conference, 2010, The Korean Statistical Society

1

Modeling of Temporal and Spatial Nonhomogeneity 

for Space-Time Databases 

Yosihiko Ogata 

Institute of Statistical Mathematics, Tokyo, Japan 

 

 

 

1. Introduction 

 

A large number of space-time databases have been created and compiled in the areas of 

geographical, astronomical, geophysical/seismological, ecological/environmental, governmental, 

sociological and epidemiological statistics. In many cases, these data are attached on irregular 

locations in space and/or time that are sampled conveniently or occur stochastically. Furthermore, 

these data can be heterogeneous in sampling or detection rates. For analyzing such datasets, I will 

introduce various statistical models, whose focal parameters are functions of time and/or location, 

as extensions of ordinary statistical models with constant parameters. Then, I will discuss methods 

for estimation and interpolation of the parameters on any location for predicting future trend and 

variability, and even for discovering anomalies. We use flexible functions for the variable 

parameters, such as spline expansions and piecewise linear functions (on Delaunay tessellation), to 

characterize their evolution and variation in time and space. Since a large number of coefficients for 

the parameter functions are required in representations, we use a penalized log-likelihood with 

smoothness constraints to obtain sensible estimates. In order to tune the constraints, we interpret the 

penalized log-likelihood into the empirical Bayesian framework, where the prior probability in 

terms of the penalty functions indicates constrains among the coefficients of the parameter 

functions. Thus, the weights (hyper-parameters) to the penalty functions are objectively adjusted by 

maximizing the integrated posterior function. Bayesian models with different priors or different 

likelihoods are compared for a better fit by using the Akaike Bayesian Information Criterion (ABIC; 

Akaike, 1979). Comparison of prior functions includes that of isotropic versus anisotropic 

roughness penalties, while use of the different function bases for the parameter functions is 

described by the different likelihood. I will introduce various statistical models that I have used to 

demonstrate the usefulness of the methods, and to encourage the audience to create their own 

models and apply to their datasets. 
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2. Optimization and selection of Bayesian models 

 

Spatial and space-time statistics concern their anisotropy and heterogeneity which, to be described 

properly, require a large number of parameters. Consider the case where such models with 

parameters{ ( ) }i θ are given by likelihood ( )L θ Y∣ for a set of data .Y  For estimating such 

parameters; we often use the penalized log likelihood (Good and Gaskins, 1971) 

 ( , ; ) log ( ) ( )R L Q θ τ Y θ Y θ τ∣ ∣                                          (1) 

where the function Q represents a positive penalty function, and
1( , , )K τ  is a vector of 

hyper-parameters that control restrictions among the parametersθ . The crucial point here is the 

tuning of τ . From the Bayesian viewpoint, the penalty function is related to the prior density 

( ) ( )  
( ) /Q Q

e e
 

 
θ τ θ τ

θ τ dθ
∣ ∣

∣ , and the exponential to the penalized log likelihood function R is 

proportional to the posterior function. For determining suitable values of the hyper-parameters, 

consider the posterior probability density function ( ; ) ( ) ( ) ( ) p L  θ Y τ θ Y θ τ τ Y∣ ∣ ∣ ∣ with 

normalizing factor ( ) ( ) ( )L   τ Y θ Y θ τ dθ∣ ∣ ∣ . Maximization of this normalizing factor of or its 

logarithm with respect to the hyper- parameters is called the method of the Type II maximum 

likelihood due to Good (1965). 

Given a set of data Y, we can compare the goodness-of-fit of posteriors with various 

combinations of different priors or likelihoods. For such a purpose, Akaike (1979) justified the 

Bayesian model selection from the predictive viewpoint (Akaike, 1977) and proposed the use of the 

Akaike Bayesian Information Criterion, ABIC ( 2) max log ( ) 2dim( )   τ Y ττ ∣ . A smaller 

ABIC value indicates a better fit of the Bayesian model to the data Y. 

 

 

3. Computations of Bayesian models through Gaussian approximations  

 

If either the likelihood or prior distribution functions are non-Gaussian, the integration of the 

posterior functions for the normalizing factor ( ) τ Y∣ cannot be obtained analytically in general. 

However, if the prior ( ) θ τ∣ is provided by a multivariate Gaussian distribution that correspond to 

the quadratic smoothness constraint, then the penalized log-likelihood can be well-approximated by 

the quadratic form 

ˆ ˆ ˆ ˆ( ) log ( ) log ( ) ( ) ( ) ( )( 2 ) /T L T H
T

      θ τ θ Y θ τ θ τ θ θ θ τ θ θ∣ ∣ ∣ ∣ ∣         (2) 

around the maximum posterior solution ˆ arg{max ( )}T θθ θ τ∣ , where ( )TH θ τ∣  is the Hessian 

matrix (the negative second-order derivatives of the function T with respect toθ ). Then, the log 

likelihood of a Bayesian model is given by  

ˆ ˆ ˆlog ( ) log ( ) ( ) ( ) {log ( ) {log ( ) } ,R QL R H H    τ Y θ Y θ τ dθ θ τ θ τ θ τ∣ ∣ ∣ ∣ ‖ ∣ ‖}/2 ‖ ∣ ‖ /2  (3) 
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where
RH and QH are the negative second order derivatives of the functions R and Q in penalized 

log-likelihood function (1) with respect toθ , respectively; and || . || is determinant of a matrix.  

In order to get the optimal hyper-parameters and an ABIC value, we have to repeat the 

following calculation procedure: Set an initial for large enough penalty in such a way that the 

quadratic approximation of penalized log likelihood ( )T θ τ∣ is effective, as explained later. Then 

we get the maximizing parameters 
τ

θ of the penalized log likelihood ( )T θ τ∣ by a quasi-Newton 

optimization procedure which uses gradient vectors of the function as the input. In maximizing R 

with respect toθ , we use a suitably approximated version of the Hessian matrix ˆ( )RH θ τ∣ for the 

Newton method (e.g., the ICCG method) in every tens of the quasi-Newton optimization steps. This 

makes the convergence very rapid regardless of the high dimensionality ofθ , which is expected 

when Gaussian approximations for the posterior function are adequate. Having attained such 

convergences for given hyper-parameters τ , we eventually need to perform the maximization with 

respect to τ by a direct search method such as the grid search or the simplex method. These double 

optimizations are repeated in turn until the latter maximization converges. The whole optimization 

procedure usually converges when initial vector values for τ are set in such a way that the penalty is 

effective enough; otherwise, it may take very many steps to reach the solution. After all, assuming 

unimodality of the posterior function, one can get the optimal maximum posterior solutionθ for the 

maximum likelihood estimate τ . Also, the variance-covariance matrix for error assessment is given 

by the inverse Hessian matrix
1

( , ( | ) )N H


θ θ τ if available numerically. 

 

 

4. Model examples and topics 

 

Applications and the models include the following topics mainly from the geophysics:  

(1) Bias corrections of earthquake hypocenters by a local seismic array (Ogata et al., 1998b; 

Ogata, 2009) 

(2) Location dependent exponential distribution for magnitude frequency and its applications 

(Ogata and Katsura, 1988a; Ogata et al., 1991, Ogata, 2010) 

(3) Applications of inhomogeneous spatial Poisson processes (Ogata and Katsura, 1988, etc.) 

(4) Detection rates of earthquakes in time and space: Japan and world (Ogata and Katsura, 1993, 

2006, etc.) 

(5) Date-age-cohort decomposition of diabetes onsets with missing data (Ogata, et al., 2000) 

(6) Hierarchical space-time epidemic type aftershock sequence (ETAS) model (Ogata, 1988; 1998, 

2004; Ogata et al., 2003, etc.) 
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Figures: Occurrence rate of background rate (left) and aftershock productivity rate (right) estimated 

by the Hierarchical space-time ETAS model. These are estimated (cf., color tables) by the data 

from the period 1926-1995 to predict large earthquakes of M>=6.7 (indicated by stars) during the 

period 1996-2009. 


