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1. Introduction

As the size of data increases tremendously, data mining techniques have been highlighted to efficiently handle the

important data information. Among these techniques is decision trees methodology. A decision tree is a classifica-

tion or regression rule constructed by recursively partitioning the measurement space. When the response variable is

categorical, it is also known as classification tree. For continuous responses, the decision tree is also called regression

tree.

Decision trees have attracted many statisticians ever since Breiman, Friedman, Olshen and Stone (1984) introduced

an algorithm called CART (Classification And Regression Trees). It provides an intuitive interpretation of the fitted

model and enhances understanding of the data structure. Because of its simplicity and generality, it is applicable and

useful in many practical situations.

The CART model recursively partitions the data space into sub-regions within which the distribution of the class

variable is more homogeneous. It provides binary trees according to the splitting rule taking the form of {Is Xi ≤ c?}
for ordered variables or of {Is X j ∈ C?} for categorical variables where c is an arbitrary point in the range of Xi and

C is in the range of all subsets of categories on X j. Fitted values are determined by the observations in each terminal

node. The CART model uses an exhaustive search algorithm to select a splitting rule for each node. By recursively

choosing splitting rules that maximize the homogeneity of the classes of the node, one can grow a sequence of trees.

Tree growing is continued until certain stopping criteria are satisfied. A CART tree is then selected by pruning back

the tree based on cost-complexity measures computed using cross-validation technique or test samples.

Researches related to tree-based methodology usually focus on (1) how to select a split variable, (2) how to

determine a split point once the split variable is chosen, (3) how to get a right-sized tree, and (4) how to incorporate

models on the terminal nodes. Split selection (i.e., (1) and (2) above) is very important steps in constructing decision

trees because further partition of the measurement space will be based on the initial partition of the selected variable.

Therefore a poor partition at the beginning will result in high complexity in the tree structure. Right-sized trees

are also important because wrong sized trees may show poor interpretation and accuracy. The usual choice for the

terminal node model is majority counting for classification and the average of responses for regression. However,

more rigorous classification models or regression models are also tried in some literature. Recently, statistical models

other than classification and regression are incorporated in decision trees, too.

In this article, we propose a new algorithm for classification trees that yields at each node a 2-dimensional plot

of the data with superimposed class boundaries. The new algorithm is distinct from the �linear combination tree�

algorithms that partition the data space with hyper-planes. Intermediate nodes are split using the same techniques as

other univariate split algorithms. The difference lies in the model fitted to each terminal node: we fit a statistical

model and summarize it using a 2-dimensional plot. The new algorithm thus employs visualization to enhance our

understanding of the data structure.
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2. Tree methodology

Let N(t) be the total number of objects, N j(t) be the number of class j objects and Jt be the number of non-empty

classes in a node t. The proportion of class j objects falling into t is N j(t)/N j. Thus let

p( j, t) =
π( j)N j(t)

N j

be the estimated probability that a class j object falls into the space represented by a node t, and

p( j|t) = p( j, t)

p(t)
=

p( j, t)∑
i p(i, t)

be the estimated posterior probability that an object belongs to the jth class given that it lands in node t, where

p(t) =
∑

i p(i, t). Let C(i| j) be the cost of misclassifying a class j object as class i such that

C(i| j) ≥ 0, i , j and C(i| j) = 0, i = j.

A node t is assigned to the class which minimizes the misclassification cost at that node, i.e.,

j(t) = j∗ if
∑
j

C( j∗| j)p( j|t) = min
i

∑
j

C(i| j)p( j|t).

In the case of unit misclassification cost, this rule is the majority rule, i.e.,

j(t) = j∗ if p( j∗|t) = max
i

p(i|t).

The majority function in classification trees is equivalent to the mean function in regression trees.

3. Linear discriminant function

Let y be the class vector and (π1, π2, . . .) denote classes. Let x = (x1, x2, . . . , xk)
T be the k-dimensional random vector.

The distribution of x differs for each class. The classical linear discriminant score for class i (with the equal coefficient

of misclassification cost) is computed by the function

di(x) = µ
T
i Σ
−1x − µTi Σ−1µi/2 + log pi,

where µi is the mean vector of x for class i, Σ is the common variance-covariance matrix, and log pi is the prior for

class i. We derive the classification rule by the linear discriminant function as follows

Allocate x to π j if d̂ j = max
i
{d̂i},

where d̂i is the sample linear discriminant score using the estimates of the parameters in the classical linear discriminant

function.

Linear discriminant function (called LDF hereafter) is a fast classification rule that can be applied easily. Fur-

thermore, it is known to be robust to a minor violation of the distribution assumptions. However, LDF is difficult

to interpret if the data dimension is high. Also, it is not designed to handle categorical type variables. LDF can be

viewed as a special case of classification trees. For example, imagine a classification tree with one node and the tar-

get model LDF. Data partition by the intermediate node does not exist because we only have one terminal node. The

target model LDF, however, partitions the data space linearly.
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4. A new decision tree method

We developed a new decision tree algorithm that uses linear discriminant function as the target model. Since it uses

more elaborate target model, the tree constructed by this algorithm has smaller size, thus enhances the interpretation.

To optimize the interpretation, the new tree algorithm presents 2-dimensional scatter plot with superimposed class

boundaries.

Classification trees with linear combination splits are already developed. They used LDF as the splitting rule

and majority function as the target model. As a result, the data is partitioned recursively and linearly, thus produces

polygons for terminal nodes. It is known that the linear combination tree is highly accurate in predicting future cases.

However, the interpretation of tree is very difficult because of LDF for every intermediate node.

The new algorithm is distinct from the linear combination tree. We use the same split method as we did in

the univariate classification trees. We used, however, LDF as the target model. The intermediate node provides

recursive orthogonal partition and the terminal node provides linear partition. The advantages of the new algorithm

are summarized below.

• It is easier to interpret than the linear combination trees because it has the same structure with univariate classifi-

cation trees.

• It has comparable or better accuracy than the univariate classification trees because it has flexible partition in the

terminal nodes.

• It gives smaller tree size than those of the univariate trees because its linear partition can replace several orthogonal

partitions of the univariate trees.

We call the new tree method as 2D decision tree. Now, we describe the algorithm.

Algorithm 4.1. Construction of 2D decision trees.

(a). Partitioning ruleWe use the same partitioning rule as in the univariate decision trees. We adopt the partitioning

rule developed by Kim et al. (2001).

(b). Target model For each node (intermediate or terminal), we fit the target model LDF. The reason that we fit LDF

for intermediate nodes is that they can be the terminal nodes after the pruning. Specifically for 2D decision trees,

we fit bivariate LDF for each node. We have to select two variables that are used in bivariate LDF. The details

are described in the Appendix.

(c). Tree growing We keep partitioning the space until the stopping rule is met. It prohibits further partition if (1) a

node is pure, (2) few cases are left in a node (e.g. 5 cases), (3) one class is very dominant (e.g. class 1 has 100

cases while class 2 has only 1 case), (4) all cases go down to the same sub-node.

(d). Pruning To prevent over-fitting, it is a standard practice to grow a large tree and prune it back to a right-sized

one. We adopt the pruning algorithm developed by Breiman et al. (1984).

4.1. Fitting bivariate LDF

In a node t, let xlm = (xl, xm)
T for arbitrary l,m = 1, . . . , k, l < m. The bivariate LDF of the pair xl and xm for class i is

di(xlm) = µ
T
iaΣ
−1
a xlm − µTiaΣ−1a µia/2 + log pi,
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Methods Error rate Tree size

CART .222 14

C4.5 .220 33

R tree() .232 13

QUEST .221 21

CRUISE .218 19

2D classification tree .216 7

Table 1: Error rates and tree sizes for many classification tree algorithms.

where µia = (µl, µm)
T
i
, and Σa = (Σ)lm. For categorical type variable, we use CRIMCOORD method ? to map each

categorical variable into numerical one. Let R(xlm) be the re-substitution error rate based on the prediction of di(xlm).

We repeat the above for all pairs of xl and xm. If

R(xl′m′ ) = min
l,m
{R(xlm)},

we select two variables xl′ and xm′ , and use di(xl′m′ ) as the bivariate LDF for class i of the node t.

5. Results

Lim, Loh and Shih (2000) compared number of algorithms on 32 datasets in terms of misclassification error. In this

section, we add 2D classification tree algorithm to the comparison. We summarized the comparison result of several

tree methods in Table 1. It is shown that the new tree algorithm, 2D decision tree, has better prediction power than

many other classification tree algorithms. Furthermore, it generates smaller tree size than the others.

6. Summary and conclusions

We proposed a new decision tree algorithm to adopt the advantages of LDF and the decision tree method. It uses the

same splitting rule with the univariate tree but fits LDF as its target model in each node. Tomaximize the visualization,

we fit the bivariate LDF and call it 2D decision tree. As a result, it yields at each node a 2-dimensional plot of the

data with superimposed class boundaries.

The new method has several advantages. Since it uses the univariate tree structure, it is easier to interpret than

LDF and the linear combination tree. Also, it has comparable or better accuracy than the univariate trees because

of its flexible partition. The tree size is smaller than those of the univariate trees. 2D decision tree enhances the

visibility and the interpretation of decision trees.
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