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1. Competing risks

Competing risks concern the situation where more than one cause of failure are possible (Putter et al., 2007). For

example, if there are several causes of death, the first failure time from these causes is observed. And even though

sometimes observations after the first failure time would be possible, but not of interest.

In the study on the treatment effects of coronary stenting and coronary-artery bypass grafting (CABG), there are

some kinds of times to events such as death, Q-wave myocardial infarction (qmi), cerebrovascular accident (cav), and

target-vessel revascularization (tvr)(Seung et al., 2008). In this research, investigator may be equally interested in all

types of events, or just one specific event like death. When one failure time is more important than other types, one

may try to estimate this failure probability with Kaplan-Meier method which treat the other failure times as censored

observations. However, this method often provides a biased estimator because of the violence of independence of

failure and censoring time distributions (Gooley et al., 1999).

2. Approaches to competing risks

Let T the time to any events arising from the competing risks, D be the cause of event, and X be a covariate vector.

Then the observable data in competing risks becomes (T,D, X), therefore the inference in competing risks is based

on the joint distribution of T and D given X. Here D indicates which event happened first, and we let D = 0 for the

individuals censored from all events. We assume that there are K competing risks and the censoring distribution is

independent of all other events.

Let �Tk, k = 0, 1, · · · ,K denote the failure time of cause k. Then the observed time is T = min{ �Tk}, where min is

a function giving the minimum value. The latent failure time approaches try to analyze competing risks survival data

based on the joint survival distribution of �Tk

�S (t1, · · · , tK) = P( �T1 > t1, · · · , �TK > tk)

and the marginal distribution

S k(t) = �S (0, · · · , 0, t, 0, · · · , 0).

However, it is well known that these joint and marginal distributions are generally not identifiable, and for identi-

fiability some extra assumptions for example the independence of the latent failure times are required (Cox, 1959;

Tsiatis,1975).
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2.1. Cause-specific hazards

The cause-specific hazards function is given by

λk(t) = lim
△→0

P(t ≤ T < t + △,D = k|T ≥ t)

△ ,

where k = 1, · · · ,K. This function is the hazard of failing from cause k in the presence of other competing risks.

Given data the cause-specific hazards are estimable and also any functions of derived from the cause-specific hazards

function are estimable. So the cumulative cause-specific hazards function

Λk(t) =

∫ t

0

λk(u)du,

and the overall survival function

S (t) = exp{−
∑
Λk(t)}

can be estimated from given data. Here S (t) can be interpreted as the probability of survival at time t in the presence

of all causes.

2.2. Cumulative incidence functions

The cumulative incidence function of cause k is defined by

Ik(t) = P(T ≤ t,D = k) =

∫ t

0

λk(u)S (u)du.

Note that Ik(t) is also estimable because λk(·) and S (·) are estimable. There are several names for the cumulative

incidence function such as ‘cause-specific (or crude) cumulative incidence function’ ( Armitage and Colton, 2005)

and ‘sub-distribution function’ (Fine and Gray, 1999).

3. Modeling fixed covariate effects

3.1. Regression on cause-specific hazards

With the proportionality of covariates on the cause-specific hazards function, the cause-specific hazards of cause k for

a subject with covariate vector X are modeled by

λk(t) = λk0 exp(β
′

kX),

where λk0 is the baseline hazards function of cause k, βk denotes the effects of covariates on cause k. The analysis of

this model can be accomplished easily by the Cox regression model in which the failure times from other all causes

are treated as censored times. But, the estimates of regression coefficients should be interpreted carefully because the

proportionality of covariate effects on the cause-specific hazard doesn’t guarantee that on the corresponding cumulative

incidence function.

3.2. Regression on cumulative incidence functions

Fine and Gray (1999) introduced a regression method of modeling directly the cumulative incidence functions. Firstly

they defined a sub-distribution hazard based on the cumulative incidence function as follows

λ̆k(t) = −
d log(1 − Ik(t))

dt
.

122



Proceedings for the Spring Conference, 2011, The Korean Statistical Society

Then they assumed a proportional hazard on the sub-distribution hazard:

λ̆k(t) = λ̆k0 exp(β
′

kX).

Note that this hazard is estimable as the cause-specific hazard is. The difference between the two hazard functions

is in the risk set. For the cause-specific hazard function because the failure times of other events are treated as to

be censored, the size of risk set decreases at each time at which a failure from another cause occurs. But, for the

sub-distribution hazard, subjects who fail from other causes get remained in the risk set forever. So, the standard

Cox model can be used for the estimation of the regression model for the sub-distribution hazard whenever those who

failed from other causes are given a censoring time that is lager than all failure times.

4. Software

The estimates of Cox regression coefficients on the cause-specific hazards can be easily obtained from the standard

analysis of the Cox model. Rosthϕj et al. (2004) provided a set of SAS macros that gives a figure of cumula-

tive incidence functions based on the results from the Cox model on cause-specific hazards (for more details visit

http://staff.pubhealth.ku.dk/

∼pka/). For the analysis of the Cox model on the sub-distribution hazard and its cumulative incidence function,

the R library cmprsk is available(visit http://www.r-project.org/).
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