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Multivariate Failure Time Data Analysis: Multi-state Model
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When survival is main interest, information about intermediate events is sometimes available. Then it is a question

whether inclusion of information on the intermediate events in a multi-state model will give rise to estimators which

are in any sense better than what may be obtained from a simple analysis of the marginal distribution of the time to

event. In this study, we will compare multi-state models and models for the marginal survival distribution without

information about intermediate events with respect to their simplicity and interpretation in clinical context. Clinical

history of 78 patient with Bipolar disorder are analyzed with two methods (Kim et al., 2007).

With marginal distribution of survival times, the hazard function with covariate Z was assumed to have the form,

α(t|Z) = α0(t)exp(β
′
Z)

with unspecified baseline hazard function α0(t) and regression coefficients β. Then the survival probability S (t|Z) for
given covariate Z is estimated by

�S (t|Z) =
∏
u≤t

(1 − d �A0(u)exp( �β
′
Z)),

where �A0(t) is the Breslow estimator for the integrated baseline hazard function.

Using proportional hazard model, the transition intensities α01(t), α02(t) and α12(t) are defined,

αh j(t|Z) = α0h j(t)exp(β
′

h jZ),

where h = 0, 1, j = 1, 2, h , j,with assuming the process X(·) is assumed to beMarkovian. Then transition probability

and survival probability are defined as follows,

Ph j(s, t|Z) = P(X(t) = j|X(s) = h, Z), s ≤ t,

and
S (t|Z) = P00(0, t|Z) + P01(0, t|Z)

= P00(0, t|Z) +
∫ t

0
P00(0, u − |Z)α01(u|Z)P11(u+, t|Z)du.

By using a product integral, the following transition probability matrix is calculated (Anderson et al., 1993),

P(s, t) =
∏
(s,t]

(I + dA(u)),

where A = {Ah j}, Ah j(t) =
∫ t

0
αh j(s)ds, and αhh = −

∑
j,h αh j. Then the cumulative transition intensity is estimated

with a Nelson-Aalen estimator,

�Ah j(t) =

∫ t

0

Jh(s)(Yh(s))
−1dNh j(s) h , j,

where Jh(t) = I(Yh(t) > 0) and �Ahh = −
∑

j,h
�Ah j. Then Aalen-Johansen estimator is defined (Aalen and Johansen,

1978),

�P(s, t) =
∏
(s,t]

(I + d �A(u)).
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For bipolar disease, transition probability matrix, P(0, t) = (Ph, j(0, t), 0 ≤ h ≤ j ≤ 2) is estimated as

I + ∆ �A(Ti) =


1 − ∆N0(Ti)

Y0(Ti)

∆N01(Ti)

Y0(Ti)

∆N02(Ti)

Y0(Ti)

0 1 − ∆N12(Ti)

Y1(Ti)

∆N12(Ti)

Y1(Ti)

0 0 1

 .
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