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1. Abstract

Since the seminal paper of Engle (1982), the ARCH (GARCH) processes have served as useful models for analyzing

volatility (conditional variance, denoted by ht throughout) arising in time series data. When a zero mean time series

{ϵt} is generated by the equation

ϵt =
√
htet and ht = α0 + α1ϵ

2
t−1 + β1ht−1, (1.1)

the time series {ϵt} is refereed to as a first order GARCH, so called GARCH(1,1). Refer to Bollerslev (1986). In

(1.1) and throughout, ht denotes a volatility, that is, ht is a conditional variance of ϵt given the past values ϵt−1, ϵt−2, · · · .
It will also be assumed that {et} is a sequence of iid innovations (not necessarily Gaussian) with mean zero and

variance unity, and α0 > 0, α1 ≥ 0, β1 ≥ 0. Although higher order GARCH model, e.g., GARCH(p,q) is obtained by

adding additional lags of ϵ2
t−1, · · · , ϵ2t−p and ht−1, · · · , ht−q in the RHS of (1.1), the first order GARCH(1,1) model in

(1.1) will suffice in most applications and therefore we will mainly concerned with first order models for simplicity

of presentation. Standard GARCH(p,q) models are said to be symmetric (with respect to the volatility ht) in the

sense that ht is a symmetric function of past values of ϵt−1, ϵt−2, · · · . It is noted that one can rewrite the first order

GARCH(1.1) model as (when β1 < 1)

ht = α0(1 − β1)−1 + α1

∞∑
k=0

βk1ϵ
2
t−1−k,

which is a symmetric function in terms of ϵt−1, ϵt−2, · · · . It is noted that symmetric GARCH models provide the same

volatility ht from ϵt−i as from −ϵt−i, i = 1, 2, · · · . It is easily demonstrated that standard higher order ARCH (GARCH)

processes belong to symmetric models for which volatility is formulated as a linear function of squared past values.

In the GARCH context, the conditional variance (or, volatility) is of a quadratic function of the observation process.

In last decade, asymmetric models for volatility have been widely accepted due to empirical evidences arising mainly

from financial time series. Threshold asymmetry has now been popular in asymmetric volatility analysis. News-

impact-curves discussed by Engle and Ng (1993) can be employed as a simple but efficient tool to detect asymmetric

volatilities. It has been empirically recognized that heteroscedasticity effect depends on whether the recent past values

are positive or negative, necessitating threshold-asymmetric GARCH (TGARCH, hereafter) models. The time series

{Xt} is said to follow the first order TGARCH, i.e., TGARCH(1,1) model when

Xt =
√
htet (1.2)

ht = α0 + α1(X
+
t−1)

2 + α2(X
−
t−1)

2 + βht−1,

where α0 > 0, α1, α2 ≥ 0, β ≥ 0 and the notation

X+ = max(x, 0) and X− = max(−x, 0), (1.3)
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will be used throughout. Here, the innovation {et} is a sequence of iid random variables with mean zero and unit

variance. Refer to, among others, Pan et al. (2008) for a comprehensive treatment on probabilistic structures, infer-

ential problems and data applications for TGARCH models. Most of the research on TGARCH models, however, has

been directed to stable (in volatility) case where the volatility process {ht} is a stationary process. Assuming that the

innovation et is symmetrically distributed, e.g., standard normal distribution, standardized t-distributions and a class

of generalized error disrtibutions, consider the key-parameter ϕ given by

ϕ = (α1 + α2)/2 + β. (1.4)

The stable case corresponds to ϕ < 1. Park et al. (2009) proposed and investigated a �integrated� TGARCH process

(I-TGARCH, say) for which ϕ = 1. They showed that I-TGARCH demonstrates a persistent property in volatility

in the sense that current volatility ht continues to remain for all l-step ahead volatilities, contrary to the stable case

(ϕ < 1). The explosive case of ϕ > 1 was investigated by Hwang et al. (2010).

Examine standard ARCH/GARCH and their variant models in terms of quadratic formulations and it is interesting

to note that most models in GARCH context have contained neither the first order term nor the interaction term. In

this presentation, we consider volatility models possessing the first order and/or interaction terms in the formulation of

conditional variances. These models are investigated with a view to model comparisons and applications to financial

time series in Korea. One may introduce an asymmetry in ht in (1.1) by adding the product of �first order� terms ϵt−1

and
√
ht−1. A first order bilinear GARCH process, denoted by BL-GARCH(1,1) is defined by

ht = α0 + α1ϵ
2
t−1 + β1ht−1 + γ1ϵt−1

√
ht−1, (1.5)

where −∞ < γ1 < ∞. Note that γ1 = 0 reduces to a standard GARCH(1,1) and a leverage effect corresponds to

γ1 < 0 since then a positive quantity is added to ht for ϵt−1 < 0. An asymmetry from BL-GARCH(1,1) essentially

comes in ht via a �shift� (from the origin) of the vertex in NIC curve. Typically, a shift to the right hand side from the

origin of the vertex is made. Bilinear GARCHmodels are known to be capable of accommodating shift-features in ht.

Refer to Storti and Vitale (2003). Various models similar to BL-GARCH(1,1) in quadratic nature have been proposed

in the literature. A Generalized Quadratic ARCH (GQARCH) model of first order is defined by (cf., Sentana (1995))

ht = α0 + α1ϵ
2
t−1 + β1ht−1 + δ1ϵt−1. (1.6)

A comparative study between aformentioned asymmetric models was carried out by Storti and Vitali (2003) with

BL-GARCH(1,1) having a slight edge over other models in analyzing NASDAQ data.

The novelty of this talk is to propose combining �threshold effect� in (1.2) with �bilinear structure� of (1.5) so that

we generate a new and broader class of asymmetric GARCH models. The resulting model will be referred to as a

threshold-bilinear GARCH (TBL-GARCH, for short). A simulation study reveals that the suggested TBL-GARCH

(1,1) class is able to capture surprisingly diverse asymmetric features of ht which would have been impossible without

proposing the TBL-GARCH(1,1) class. Basic statistical properties of the class are investigated such as conditions for

stationarity and existence of stationary moments up to certain order. We do not specify the innovation distributions

for the TBL-GARCH(1,1) class and therefore we consider a quasilikelihood (QL, for short) estimation (in stead of the

maximum likelihood estimation) for estimating parameters involved in the proposed TBL-GARCH(1,1) model. The

QL-estimator is seen to be optimal in the sense of Godambe (1985). Applications to two sets of Korean financial time

series data are illustrated with a view to model comparisons under various criteria including VaR (Value at Risk).
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