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Extending the Role of Finite Mixtures in Modelling and Clustering

Geffrey J. McLachlana

Finite mixture models are being increasingly used to model the distributions of a wide variety of

random phenomena and to cluster data sets (McLachlan and Peel, 2000a). Let

Y = (Y1, . . . , Yp)
T (1)

be a p-dimensional vector of feature variables. For continuous features Yj , the density of Y can be

modelled by a mixture of a sufficiently large enough number g of multivariate normal component

distributions,

f(y; Ψ) =

g∑
i=1

πi ϕ(y; µi,Σi), (2)

where ϕ(y; µ,Σ) denotes the p-variate normal density function with mean µ and covariance matrix

Σ. Here the vector Ψ of unknown parameters consists of the mixing proportions πi, the elements of

the component means µi, and the distinct elements of the component-covariance matrices Σi (i =

1, . . . , g). Solutions of the likelihood equation corresponding to local maximizers of of the likelihood

function can be obtained via the expectation-maximization (EM) algorithm (Dempster et al., 1977;

see also McLachlan and Krishnan, 2008).

Besides providing an estimate of the density function of Y , the normal mixture model (2) provides

a probabilistic clustering of the observed data y1, . . . , yn into g clusters in terms of their esti-

mated posterior probabilities of component membership of the mixture. The posterior probability

τi(yj ; Ψ) that the jth feature vector with observed value yj belongs to the ith component of the

mixture can be expressed by Bayes’ theorem as

τi(yj ; Ψ)=
πiϕ(yj ; µi,Σi)∑g

h=1 πhϕ(yj ; µh,Σh)
(i = 1, . . . , g; j = 1, . . . , n). (3)

An outright assignment of the data is obtained by assigning each data point yj to the component

to which it has the highest estimated posterior probability of belonging.

Except for low-dimensional data, the normal mixture model (2) is a highly parameterized one, since

each component-covariance matrixΣi contains
1
2p(p+1) parameters for each component-covariance

matrix Σi (i = 1, . . . , g). A common approach to reducing the the number of dimensions is to

perform a principal component analysis (PCA). But as is well known, projections of the feature

data yj onto the first few principal axes are not always useful in portraying the group structure.
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In the first part of this talk, we focus on the use of mixtures of factor models to reduce the number

of parameters in the specification of the component-covariance matrices in odrer to extend the

application of normal and t-mixture models to high-dimensional data sets (McLachlan and Peel,

2000a,b). This model was originally proposed by Ghahramani and Hinton (1997) and Hinton et

al. (1997). for the purposes of visualizing high dimensional data in a lower dimensional space to

explore for group structure.

Mixtures of factor analyzers provide a global nonlinear approach by postulating a finite mixture

of linear submodels for the distribution of the full observation vector Y j given the (unobservable)

factors uj . That is, we can provide a local dimensionality reduction method by assuming that,

conditional on its membership of the ith component of a mixture, the distribution of the observation

Y j can be modelled as

Y j = µi +BiU ij + eij with prob. πi (i = 1, . . . , g) (4)

for j = 1, . . . , n, where the unobservable (latent) q-dimensional factors U i1, . . . , U in are dis-

tributed independently N(0, Iq), independently of the eij , which are distributed independently

N(0, Di), where Di is a diagonal matrix (i = 1, . . . , g).

It follows that the mixture of factor analyzers (MFA) model is given by (2), where the ith

component-covariance matrix Σi has the form

Σi = BiB
T
i +Di (i = 1, . . . , g), (5)

where Bi is a p × q matrix of factor loadings and Di is a diagonal matrix (i = 1, . . . , g). The

parameter vector Ψ now consists of the elements of the µi, the Bi, and the Di, along with the

mixing proportions πi (i = 1, . . . , g − 1), on putting πg = 1−
∑g−1

i=1 πi.

If the number of factors q is chosen sufficiently smaller than p, the representation (5) imposes

some constraints on the component-covariance matrix Σi and thus reduces the number of free

parameters to be estimated. Note that in the case of q > 1, there is an infinity of choices for B,

since (4) is still satisfied if B is replaced by BC, where C is any orthogonal matrix of order q.

Even with this MFA approach, the number of parameters still might not be manageable, particu-

larly if the number of dimensions p is large and/or the number of components (clusters) g is not

small. Baek and Mclachlan (2008) and Baek et al. (2010) considered how this factor-analytic ap-

proach can be modified to provide a greater reduction in the number of parameters. They proposed

to specify the normal mixture model (2) with the restrictions

µi = Aξi (i = 1, . . . , g) (6)

and

Σi = AΩiA
T +D (i = 1, . . . , g), (7)
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where A is a p × q matrix, ξi is a q-dimensional vector, Ωi is a q × q positive definite symmetric

matrix, and D is a diagonal p × p matrix. Baek and Mclachlan (2008) termed this approach

mixtures of common factor analyzers (MCFA). This is because the matrix of factor loadings is

common to the components before the component-specific rotation of the component factors to

make them white noise.

The MCFA approach is equivalent to the assumption that the ith component-conditional distri-

bution of Y j can be modelled as

Y j = AU ij + eij with prob. πi (i = 1, . . . , g) (8)

for j = 1, . . . , n, where the (unobservable) factors U i1, . . . , U in are distributed independently

N(ξi, Ωi), independently of the eij , which are distributed independently N(0, D), where D is

a diagonal matrix (i = 1, . . . , g). Baek and McLachlan (2011) have considered the extension of

this model to the case where the factors and the errors have a joint t-distribution. Previously,

McLachlan et al. (2007) had considered the extension of the MFA approach to the latter case.

In the second part of the talk, we we shall consider finite mixtures of multivariate skew-symmetric

distributions, in particular, the skew normal and skew t-mixture models, which are emerging as

promising extensions to the traditional normal and t-mixture modelling. One of their major roles

is for producing clusters with non-elliptical shapes (Pyne et al, 2009).

With the skew normal mixture model, the component densities belong to the family of densities

having the form

f (y;µ,Σ, δ) = 2pϕp (y;µ,Σ)Φ
(
∆Σ−1 (y − µ) ;0,Λ

)
, (9)

where δ is the skewness vector, ∆ = diag (δ), Λ = Ip −∆Σ−1∆, Ip is the p× p identity matrix,

and Φ(y;µ,Σ) denotes the p-variate normal distribution function corresponding to ϕ(y;µ,Σ).

The conditioning-type stochastic representation of (9) is given by Y = µ+ (Y 1 | Y 0 > 0), where

(Y 1 | Y 0 > 0) is the vector Y 1 if all elements of Y 0 are positive and −Y 1 otherwise, and where[
Y 0

Y 1

]
∼ N

([
0

0

]
,

[
Ip ∆

∆ Σ

])
. (10)

The convolution-type representation is given by

Y = µ+∆|Ỹ 0|+ Ỹ 1, (11)

where Ỹ 0 and Ỹ 1 are independent random variables distributed as Ỹ 0 ∼ N(0, Ip) and Ỹ 1 ∼
N(0,Ξ), respectively, Ξ = Σ−∆2, and where |Ỹ 0| denotes the vector whose ith element is given

by the absolute value of the ith element of Ỹ 0.

We shall discuss some of the several proposals that have been put forward for multivariate skew

distributions (Lee and McLachlan, 2013a,b), including software for the fitting of mixtures of them

(Lee and McLachlan, 2013c). Examples involving the analysis of real data sets will be given.
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