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1. Introduction

In recent decades principal component analysis (PCA) has been generalized and applied to functionally observed data

so now theoretical properties of functional PCA are available. However vulnerability of PCA to outlying observations

restricts its versatility. There are vivid attempts to make PCA robust to outliers, but developed mostly in casual

multivariate situation. When we consider functional data these approaches are not appropriate in several aspects.

First most of them are suitable only for data sets with small variables. Second, it is not straightforward to incorporate

smoothness in deriving principal functions.

Recently, Gervini (2009) proposed a robust way to compute principal functions from sparsely and irregularly

observed functions by model approach using multivariate t distribution. This method is greatly attractive because,

using model approach and basis expansion, principal functions can be modeled even with sparsely observed functions.

Gervini (2009) modified James et al. (2000) by heavy-tailed distribution so it can be achieved to downweight outlying

trajectories successfully. Despite such good things, it has a drawback that its computing time is so expensive due

to employing EM algorithm in computation. This may be a serious limitation because typical functional data are

observed on long and/or dense series of time points. Another approach was proposed by Sawant et al. (2011) using

robust covariance estimation. Sawant et al. (2011) approximate function objects, which are potentially recorded on

large number of time points, by a small number of basis functions, and then use its coefficients as multivariate data

for robust procedures of multivariate PCA. This method constructs robust covariance only using a small subset of

least-outlying observations of size greater than number of basis functions so that principal functions are inefficiently

estimated by using partial information, rather than whole data, while this procedure may guarantee robustness.

In this study, we develop and propose a fast and efficient algorithm to compute smooth principal functions from

possibly long and dense series of trajectories. This is based on alternating least squares for PCA computation where

principal components and principal component scores are estimated under regression framework. To achieve robust-

ness and smoothness for principal components, we are able to use robust regression and function estimation techniques

that are available under regression problem.

2. Brief idea of methodologies

2.1. Reformulating PCA into alternating least squares

PCA can be solved under regression framework, which plays a central role in generalizing the ordinary PCA for robust

functional PCA. We suppose that n sample curves are observed on discrete time points t1, · · · , tp. We denote by xi(·)
underlying functions for sample curves i = 1, . . . , n. All measurements observed on discrete time points are arranged
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into a single matrix X whose element xi j = xi(t j) is measured for subject i at time t j. X is assumed to be scaled and

column-centered after replacing xi j by (xi j − x̄ j)/
√
n, so that C = XTX becomes the covariance matrix of data.

For acquisition of the first principal component (PC1), one may conduct SVD on X where the first right singular

vector, say v, becomes PC1 and the corresponding principal component scores, say a, is the first left singular vector

multiplied by the first singular value. It is known that the first SVD layer is the best rank one approximation in the

sense that it minimizes Frobenius norm

||X − avT ||2F =
n∑
i=1

p∑
j=1

(xi j − aiv j)2 (2.1)

over a = (a1, · · · , an)T and v = (v1, · · · , vp)T with the restriction vTv = 1. Note that, at a fixed v, the solution of

a is from the ordinary least squares (OLS) as a = Xv. And, on the other hand, v is obtained as the normalized

v = aTX/aTa, that is an OLS solution when a is fixed. Therefore PC can be obtained by alternating two OLS

procedures:

1. Projection: Given v, a = Xv

2. Regression: Given a, v = aTX/aTa and v← v/||v||

This alternating scheme makes PCA generalized to various variants, including sparse PCA (Shen and Huang, 2008;

Witten et al., 2009) and functional PCA (Huang et al., 2008) by adding sparsity-inducing penalties and roughness

penalties into (2.1). In this study we apply robust regression technique to obtain PCs resistant to possible outlying

observations.

2.2. Robust functional PCA method

We modify the minimizing criterion (2.1) to achieve two objectives: robustness and smoothness on the derived PCs,

called principal functions. The modified criterion for finding v is

Q(v) =

n∑
i=1

p∑
j=1

ρ

(
xi j − aiv j

σ j

)
+ Pλ(v). (2.2)

Here ρ(·) is an outlier-resistant loss function, for example, Huber’s function or biweight function can be used. σ j are

the robust scale parameters for the residuals, or orthogonal distances between data points and projected points, xi j−aiv j.
When a is fixed, v j is obtained as a slope estimate in robust regression where x j = (x1 j, x2 j, · · · , xn j)T , is a response
variable and a is the independent variable. By applying robust loss function ρ(·), we circumvent the undesirable effect

of haphazardly large xi j on v j estimation. This leads to robust estimate of v. Thus, robust functional PCA is done by

alternating OLS and penalized robust regression procedures:

1. Projection: Given v, a = Xv

2. Penalized M-estimation: Given a, solve (2.2) to get v and v← v/||v||.

3. Numerical studies and conclusion

We applied biweight loss function in (2.2) for robust principal function. Through simulation studies under various

scenarios, we observe that the principal functions are remarkably robust under high noise intervention. One of notable

results is that the proposed method successfully finds the true order of principal functions in the existence of high

outlying principal component scores with lower order while the existing methods fail. To speed up the computation,
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we implement it using natural cubic spline (NCS) for principal function estimation. Fast computation has a great

value in functional data analysis because most of data are observed on lengthy time points. We also provide �leave-

out-one-column� cross validation in a closed-form for roughness penalty selection, so that cross validation can be

conducted in a reasonably fast way.
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