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1. Introduction

With development of technology, it is increasingly common to yield functional data in scientific studies. Here data are

consider as functional data if the data provide information about curves or image varying over a continuum such as time

or spatial location. Applications of functional data analysis (FDA) in scientific research include study of longevity and

reproduction of medflies (Müller and Stadrmüller, 2005), analysis of microarray gene expression data over a time pe-

riod

(Bar-Joseph, Gerber, Gifford, Jaakkola, and Simon, 2003) and mass spectrometry proteomics in pancreatic cancer ex-

periment (Morris et. al, 2008). Figure 1 displays a mass spectrum from a MALDI-TOF experiment. A mass spec-

trum is a curve in which the x-axis is the mass to charge (m/z) value (the ratio of the weight of a specific molecular to

its electrical charge) and the y axis is the relative signal intensity for the molecule (a measure of the abundance of the

molecule in the sample). If a physician were to perform a MALDI-TOF analysis of a sample of a patient blood, it is

both possible and plausible that one might be able to use statistics to discover features in the graph that are signals of

early stage cancer.

Figure 1: The baseline-corrected mass spectrum from a patient in an ovarian cancer study

The term �functional data analysis� was coined by Ramsay and Dalzell (1991). Ramsay and Silverman wrote the

first book on this subject (Ramsay and Silverman, 1997) which was followed by Ramsay and Silverman (2002) and

Ramsay and Silverman (2005). Work of a French statistician’s group called STAPH (Groupe de Travail en Statis-

tique Fonctionnelle et Opéatorielle) has appeared in Ferraty and Vieu (2006). Recently, Ramsay and his colleagues

published a companion book for their R and Matlab fda package (Ramsay et al., 2009).

A key assumption in functional data analysis is smoothness of curves. Often smoothness means that one of more

of the curve’s derivative can be estimated. As a result, curve estimation designed to provide good derivative estimates

plays an important role in functional data analysis. The methods and models for functional data analysis may look
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similar to those for traditional multivariate data including principle component analysis, cluster analysis, linear model

and most others. However using information on smoothness (or derivatives) bring additional power to these methods.

The goals of functional data analysis are essentially same as for other branches of statistics, and include the

following:

• to represent and transform the data to aid further analysis,

• to explore the data using EDA tools so as to highlight various characteristics,

• to investigate sources of pattern and variation within the data,

• to explain variation in an response scalar/function by using covariate functions and

• to compare two or more groups of data with regard to certain aspects of pattern or variation.

2. Representing functional data

Typical functional data are of the form Y1, . . . , YN where Yi = (Yi1, . . . ,Yini
) form the ith profile and Yi j is a datum

measured at time ti j for i = 1, . . . ,N, j = 1, . . . , ni. For simplicity, we assume that the ni’s are all equal to a common

n. We assume Yi(t) as a realization of random curve Xi(t):

Yi j = Xi(ti j) + ϵi j,

where ϵi j are additional measurement errors with E(ϵi j) = 0 and Var(ϵi j) = σ
2.

Estimating X(t) is a crucial step in functional data analysis, The most common two approaches are basis expansion

and smoothing penalties.

2.1. Basis-expansion methods

We can represent a function x y a basis expansion:

Xi(t) =

K∑
k=1

cikϕk(t),

where ϕk(t) are basis functions.

Examples of basis functions are B-splines. and orthogonal series such as wavelet.

2.2. Smoothing penalties

In basis-expansion approach, choosing the smoothing parameter K is challenging. We can achieve better results by

using a very rich basis however we also want to impose smoothness to control functional complexity. Particularly,

we can add a smoothing penalty to the least-square criterion:

PENSSE =

n∑
j=1

(y j − x(t j))
2 + λJ(x),

where λ is a smoothing parameter and J(x) is a measure of �roughness� of x. A nature choice of J(x) is the integrated

squared second derivative: ∫ [
(x′′(t)

]2
dt.

As λ increases, x(t) becomes smooth. On the other hand, for small λ, the penalty reduces. As a result, the curve

x approaches an interpolant to the data.
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3. Exploratory data analysis for functional data

Principle component analysis is often considered as the first analysis tools after descriptive statistics and plots. We

want to identify and explore features characterizing typical functions. In the classical multivariate case, the principle

component analysis provide a more informative way of looking at covariance structure. Techniques of smoothing

or regularization are incorporated into the functional principal components analysis itself, thereby demonstrating that

smoothing methods have a far wider role in functional data analysis than merely in the initial step of converting discrete

observations to functional form in Section 2.

Let X(t) ∈ L2 and define µ(t) = E(X(t)) and G(s, t) = Cov(X(s), X(t)). Consider a Karhunen-Loève expansion of

the random function such that

Xi(t) = µ(t) +

∞∑
k=1

ξikϕk(t),

where the eigenfunctions ϕk are an orthonormal basis and the principal score coefficients ξik = ⟨Xi − µ, ϕk⟩ are inde-
pendent random variables with E(ξik) = 0 and Var(ξik) = λk. Here λk are eigenvalues of the covariance of Xi(t) and

we assume that {λk}∞k=1 is a nonincreasing sequence and
∑

k λk < ∞.
Yao et al. (2005) suggested to use principal component analysis through conditional expectation (PACE) to esti-

mate ξik:

�ξik = E(ξik |Yi) = λkϕTikΣ−1i (Yi − µ)

where µ = (µ1, . . . , µn), ϕik = (ϕk(ti1), . . . , ϕk(ti,ni
)), and Σi = cov(Yi, Yi). They further assumed that Xi(t) can be well

approximated by the projection on the functional space spanned by the first K eigenfunctions and recommended to

use the following predictor of Xi(t) in practice:

�XK
i (t) = �µ(t) +

K∑
k=1

�ξik �ϕk(t).

where

�ξik = Ê(ξik |Yi) = �λk �ϕ
T
ik
�Σ−1i (Yi − �µ).

Here �µ and �Σi are estimates of mean and covariance functions of Yi using local smoothing and �λik are the sample

eigenvalues, �ϕik are the sample eigenfunctions that are obtained by solving the following eigen-equations∫
�G(s, t) �ϕk(s)d(s) = �λk �ϕk(t),

where ( �Σi) j,l = �G(t j, tl) + �σ2 �δ jl. Here, �δ jl is 1 if j = l and 0 otherwise.

4. Mean function based methods

An alternative approach is to explore the variation and pattern of curves in terms of mean functions. We assume

Yi j = fi(ti j) + ϵi j, i = 1, . . . , n, j = 1, . . . ,m,

where fi is the ith profile (or curve) and ϵi j is the error term with E(ϵi j) = 0 and Var(ϵi j) = σ
2. We extend the mean

function structure in this way at the cost of simplifying the covariance structure.

Assuming that the curves fi belong to L2 space, one can express

fi(t) =

∞∑
j=1

θi jψ j(t)
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where ψ j, ψ j, . . . is an orthonormal basis and

θi j =

∫
fi(t)ψ j(t)dt.

Hence estimating fi is equivalent to estimating θi = (θi1, , θi2, . . .), an infinite dimensional vector.

Because the number of estimable parameters can not be bigger than the size of data, we often assume that fi can be

well approximated by f n
i
(t) =

∑n
j=1 θi jψ j(t) and estimate fi with �θn

i
= (�θi1, . . . , �θin) instead of �θi = (�θ1i, �θi2, . . .). Note

that the dimension of �θn
i
grows with the number of data points.

A popular approach for functional classification and clustering is the filtering method (James and Hastie, 2001).

Assuming estimating f is (approximately) equivalent to estimating θn
i
, here are typical analysis steps of the filtering

method.

1. Dimension Reduction: estimate fi with �fi(t) =
∑J

j=1
�θi jψ j(t)

2. Classification and Clustering: apply classification/clustering tools such as Support vector machine (SVM), logis-

tic regression and k-means to coefficient estimates.

Dimension reduction or feature selection is a key issue to make statistical methods most effective in functional

data, and estimating profiles can be considered as making inferences for infinite dimensional objects. Hence, a key

step in profile fitting is to use a spare representation of the profile with a appropriate subset of the basis functions. For

example, to achieve sparsity, coefficients below the given threshold are set to zero in wavelet-based methods. Hence

choosing the optimal threshold is equivalent to dimension reduction. A common approach to achieve sparsity in

nonparametric methods is to use regularization method with L1 penalty such as LASSO, least absolute shrinkage and

selection operator (Tibshirani, 1996). By using L1 penalty, one provide not only feature selection, but also shrinkage

estimator, another key strand in modern nonparametric statistics.

Serban and Wasserman (2005) provide a functional clustering method by using the false discovery rate approach

(Benjamini and Hochberg, 1995) for dimension reduction.

5. Concluding remarks

Assuming smoothness of a functional observation we can explore and identify dominant mode of variation in the

data by adaptation of classical multivariate procedures to functional data. However extending classical multivariate

analysis methods to functional data is often challenging. Especially for manifold and tree structured data, often statis-

tical ideas lead to optimization problems that can be challenging to solve. From theoretical point of view, developing

asymptotic theory will bring a better understanding new functional data analysis methods under the small n, large p

paradigm,

An immediate extension is to consider combining methods in Section 3 and 4 for more general mean and co-

variance structures. Morris et. al (2008) developed a functional mixed model approach for general structure of mean

and covariance functions, so one can identify mean and covariance effects simultaneously. Park et al. (2011) also pro-

posed a two step approach to estimate both mean and covariance function at the same time and present a significance

test of trend detection in curves.
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