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1. Gaussian process priors

A Bayesian nonlinear regression with Gaussian process prior, referred to as Gaussian process regression (GPR), can

be simply thought of as an ordinary Bayesian regression with an infinite dimensional parameter space of unknown

nonlinear regression functions. Thus, the unknown nonlinear regression function is regarded as the unknown param-

eter, i.e. the random function to be estimated, and its prior distribution needs to be specified. That is, we need to

consider specifying probability distributions for a random function and can utilize a stochastic process, in particular

the Gaussian process for this purpose.

A Gaussian process is a stochastic process parametrized by its mean function µ(·) : T → R, µ(x) = E[Y((x)], and its

covariance function k : T 2 → R, k(x,u) = Cov(Y(x),Y(u)) which we denote GP(µ, k). According to Kolmogorov’s

existence theorem (Billingsley, 1995), a stochastic process can be characterized by finite-dimensional distributions

and to say that Y(·) ∼ GP(µ(·), k(·, ·)) means that, for all n and all x1, . . . , xn ∈ T , the joint distribution of Yn =

(Y(x1), . . . ,Y(xn))
T is an n-variate normal distribution with mean vector µn = (µ(x1), . . . , µ(xn))

T and covariance

matrix Ψn whose (i, j) entry is k(xi, x j), i, j = 1, . . . , n. A Gaussian process can be viewed as two different points of

view, one from the stochastic process and the other from the extension of multivariate normal random variables. From

the second point of view, a Gaussian process can be taken as an infinite dimensional generalization of multivariate

normal random variables to infinite index sets. In other words, we can say that a stochastic process is Gaussian if

every finite dimensional joint distribution is multivariate normal and the covariance function of the Gaussian process is

an extension of the covariance matrix of multivariate normal random variables. In this regard, as we put a multivariate

normal distribution for a prior distribution on a finite set of parameters, so the natural extension will put a Gaussian

process prior for a random function from infinite dimensional parameter spaces. Accordingly, Gaussian processes are

a natural way of defining prior distributions over spaces of functions, which are the parameter spaces for Bayesian

nonlinear regression models.

One of the most important aspects in Gaussian process is a covariance function k(·, ·), which is indispensable

to study characteristics of Gaussian processes and which determines the smoothness property of Gaussian processes

such as the continuity of sample path or its differentiability. Analytic properties of the sample functions of Gaussian

processes have been carefully studied and reviewed in Cramer and Leadbetter (1967), Adler (1990) and Abrahamsen

(1997). See also recent monographs by Rue and Held (2005) and Adler and Taylor (2007) and reference therein

for further details about theory and application of Gaussian processes. In practice, one can use a particular form of

covariance function (like squared exponential) in order to model desired forms of dependence as mentioned in the

previous chapter. Any form of covariance function can be defined in principle, provided it is a nonnegative definite

function as before. Thus, it is a little hard to have an explicit rule for how to choose a covariance function in modelling,

but in many cases, we first need to select the covariance function based on the shape and the smoothness of the sample

path to model the unknown regression function, as a component of a prior distribution. However, the covariance
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function that we choose before observing the data might contain additional smoothing parameters to be estimated

from the model. In such a case, the specific choice of a family of covariance functions is not so critical as long as the

family is sufficiently flexible.

2. Bayesian inference with gaussian process priors

Let us now assume that we have observed a set of data D = {(yi, xi), i = 1, . . . , n, xi ∈ T ⊂ RQ}. A Gaussian process

regression model for this data set can be specified as follows:

yi = f (xi) + ϵi, i = 1, . . . , n, (2.1)

ϵi ∼ N(0, σ2), σ2 known

f (·) ∼ GP(µ(·), k(·, ·)) and Cov( f (xi), f (x j)) = k(xi, x j).

It is common to assume a zero mean function in the Gaussian process prior, i.e. µ(·) = 0, and we consider a specific

example of covariance function in this subsection, the squared exponential covariance. This covariance function is

one of the widely used covariance functions in practice, also sometimes called the Gaussian kernel or the Gaussian

radial basis function kernel (Rasmussen and Williams, 2006, and Schölkopf and Smola, 2002)

k(x,u; θ) = Cov( f (x), f (u)) = v0 exp

−12w
Q∑
q=1

(xq − uq)2
 , (2.2)

where θ = (v0,w) denotes the set of hyper-parameters, assumed to be known in the remainder of this subsection. The

problems how to select a proper kernel covariance function and how to select the values of hyper-parameters will be

discussed in the next two chapters.

From the model structure in (2.1), the estimation problem becomes a multivariate normal estimation problem,

based on n observations in D. Then, the posterior distribution of f = ( f (x1), f (x2), . . . , f (xn))
T can be calculated

in the following way. Let K be the n × n covariance matrix evaluated at all pairs of the n design points, K(i, j) =

Cov( f (xi), f (x j)) = k(xi, x j). That is, given the mean vector f and noise variance, σ2, the observed responses y =

(y1, . . . , yn) have a multivariate normal distribution with the mean vector, f , and the covariance matrix, σ2I, where I

is the n× n identity matrix. Also, f has a multivariate normal distribution with zero mean vector 0 and the covariance

matrix, K : (
y1, . . . , yn| f , σ2

)
∼ Nn( f , σ

2I), f ∼ N (0n, K) .

Thus, the posterior distribution of f , p
(
f |D, σ2

)
is proportional to the product of two normal distributions as follows.

p( f |D, σ2) =
p(y| f , σ2)p( f )∫
p(y| f , σ2)p( f )d f

∝ φn(y| f , σ2I) · φn( f |0, K),

where φn(·|µ,Σ) denotes the density function of n-variate normal distribution with mean vector µ and covariance matrix

Σ. Therefore, from well-known properties of multivariate normal distribution and Bayesian linear regression model

(Lindley and Smith, 1972, and Ravishanker and Dey, 2002), the posterior distribution p( f |D, σ2) is a multivariate

normal distribution with

E( f |D, σ2) = K(K + σ2I)−1y

Var( f |D, σ2) = σ2K(K + σ2I)−1.

Note that the mean vector of the Gaussian process prior is assumed to be zero.
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Furthermore, the marginal distribution of y, p(y) is also given by a multivariate normal distribution (Lindley and

Smith, 1972),

(y1, y2, . . . , yn) ∼ Nn(0,Ψ), (2.3)

where Ψ is an n × n matrix, of which the (i, j)-th element is defined as

Ψ(i, j) = Cov(yi, y j) = k(xi, x j) + σ
2δi j, (2.4)

where δi j is the Kronecker delta.

In addition, Gaussian process regression framework includes a straightforward way of predicting an output based

on the relevant test inputs and on the training data. Let x∗ be a new input and let f (x∗) be the related nonlinear

function. Then, the prediction of f (x∗) at an unobserved data point x∗ can be obtained easily with the same principle

because f (x) is assumed to be a Gaussian process a priori, and thus ( f (x1), . . . , f (xn), f (x
∗)) constitutes a (n + 1)-

variate normal vector. Consequently, the posterior distribution of f (x∗) given the training data D is also a Gaussian

distribution, with mean and variance given by

E( f (x∗)|D) = ψT (x∗)Ψ−1y, (2.5)

Var( f (x∗)|D) = k(x∗, x∗) − ψT (x∗)Ψ−1ψ(x∗), (2.6)

where ψ(x∗) = (k(x∗, x1), · · · , k(x∗, xn))T is the covariance between f (x∗) and f = ( f (x1), . . . , f (xn)), and Ψ is the

covariance matrix of (y1, · · · , yn) given in (2.4). If y∗ is the related output or response to x∗, then its predictive

distribution is also Gaussian, with mean given by (2.5) and variance

Var( f (x∗)|D) + σ2. (2.7)

Hence, when σ2 and θ are assumed to be known, the posterior distribution, marginal distribution and predictive

distributions are analytically computed via multivariate normal distributions as described above, and resulting posterior

inference and numerical implementation can be straightforward. When σ2 is assumed to be unknown but θ to be

known, the implementation can be also performed easily based on a Markov Chain Monte Carlo method, i.e. Gibbs

sampling. We can calculate the full conditional posterior distributions of f n and σ
2 by assigning a suitable prior to

σ2, for example, an inverse-gamma prior distribution. Thus, Monte Carlo simulation based on Gibbs sampling can

be also applied in a straightforward manner. In addition, in the case of the unknown θ, several numerical schemes has

been developed such as full Bayes methods based on Markov Chain Monte Carlo methods (see e.g. Neal, 1997, and

MacKay, 1998), empirical Bayes methods (see e.g. Shi et al., 2005, and Shi and Wang, 2008) and other approximate

Bayesian methods (see e.g. Rue and Martino, 2007, and Rue et al., 2009).

3. Asymptotic properties of Gaussian process regression procedures

3.1. Posterior consistency

Posterior consistency is a kind of frequentist validation of the updating method. If an oracle were to know the true

value of the parameter, posterior consistency ensures that with enough observations one would get close to this true

value. Posterior consistency also assures that as more and more observations accumulate, the observations have to

dominate the role of the prior in inference. For a comprehensive survey of posterior consistency, the readers can refer

to a recent constructive review by Choi and Ramamoorthi (2008), in which they built up some conceptual issues in

consistency of posterior distributions, and discussed panoramic views of them by comparing various approaches to

posterior consistency that have been investigated in the literature.
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3.2. Posterior consistency of Gaussian process regression

Posterior consistency based on Gaussian process methods has been investigated in Ghosal and Roy (2006) and Choi

and Schervish (2007) for nonparametric binary regression, Tokdar and Ghosh (2007) for density estimation and Choi

(2005) and Choi and Schervish (2007) for nonparametric regression. In this section, we illustrate almost sure con-

sistency for posterior distributions in Gaussian process regression model by discussing those results in the literature.

Technical details can be also found in the references mentioned above. Among them, we provide a consistency re-

sult with a specific metric based on a empirical probability measure for illustrating posterior consistency in Gaussian

process regression problems. Theorem 1 provides a formal statement of posterior consistency for a Gaussian process

regression model with a squared exponential covariance function :

Theorem 1. Let P0 denote the joint conditional distribution of {Yn}∞n=1 given the covariate assuming that f0 is the

true response function. Define the following neighbourhood,

Wϵ,n =

{
( f , σ) :

∫
| f (x) − f0(x)|dQn(x) < ϵ,

∣∣∣∣∣ σσ0

− 1
∣∣∣∣∣ < ϵ} .

Suppose that the values of the covariate in [0, 1] are fixed, i.e., known ahead of time. Then for every ϵ > 0,

Π
{
f ∈ WC

ϵ,n|D
}
→ 0 a.s. [P0]. (3.1)

As mentioned before, other types of posterior consistency with different neighborhoods can be similarly established.

For further discussions, the readers may refer to Ghosal and Roy (2006) and Choi and Schervish (2007) Once we

establish posterior consistency, we are able to discuss the consistency of Bayes estimate of the regression function, or

existence of consistent Bayes estimator from the predictive point of view. It is known that Bayes predictive estimates

inherit the convergence property of the posterior (Ghosh and Ramamoorthi, 2003, Proposition 4.2.1). That is, if

posterior is consistent, then the Bayes estimate is also consistent. In addition, posterior consistency ensures that the

predictive estimate of the regression function, �fn(x) is also consistent in some sense (e.g. Shen and Wasserman, 2001,

Ge and Jiang, 2006, and Jiang, 2006).

Alternatively, Seeger et al. (2008) focused on the concept of information consistency for Gaussian process regres-

sion models. They presented information consistency results for nonparametric sequential prediction with Gaussian

processes, connected to nonparametric minimum description length (MDL) through the prequential approach.

They also obtained information consistency rates for a wide range of covariance function, using kernel eigenvalues

asymptotics. These results also depend strongly on the covariance function of the prior process as in the case of pos-

terior consistency, thereby giving a new interpretation to penalization with reproducing kernel Hilbert space (RKHS)

norms and to commonly used covariance function classes and their parameters. Note that The concept of information

consistency or consistency in information was first introduced in Barron (1999) and it is an information criterion in

terms of the Césaro KL risk.
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