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Inconsistent MLE in some nonparametric models
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The maximum likelihood estimation has been known as the most popular and reliable approach, as it is not only

intuitively acceptable but also having many good theoretical properties such as consistency and asymptotical effi-

ciency. However, in some important statistical models, the maximum likelihood estimator (MLE) is not even con-

sistent. These models involve finite location-scale mixture models, semi-parametric models with missing or mis-

measured data. In this talk, I will introduce some non-parametric models having inconsistent MLEs and propose

doubly-smoothed maximum likelihood estimation as a general solution.

The first example involves a nonparametric maximum likelihood estimator for survival data. When there is no

censored data, a consistent estimator of the nonparametric type is the empirical distribution function �F, which can be

derived as the maximum likelihood estimator of a completely unknown distribution. When some data are censored for

univariate survival data, the Kaplan-Meier estimator is the nonparametric MLE and is consistent (Kaplan and Meier,

1958). However, in multivariate censored data, the natural extension of the Kaplan-Meier method can fail.

To explain this, letmT = (T1,T2) be the pair of survival times with distribution a bivariate distribution F(t1, t2) and

letmC = (C1,C2) be the pair of censoring times with distribution G(c1, c2). AssumingmT andmC are independent,

suppose that we can only observe ( �T1, �T2) = (min(T1,C1),min(T2,C2)) and (δ1, δ2) = (I(T1 < C1), I(T2 < C2)) instead

of mT and mC. Then as Dabrowska (1988); Prentice and Cai (1992); van der Laan (1996); Akritas and Keilegom

(2003) indicated, the nonparametric MLE of the joint survival function is not unique and not consistent in general.

This non-uniqueness is caused by singly censored observations of which one of survival time in (T1,T2) is exactly

observed while the other time is censored. A singly censored data point could be described as having one coordinate

observed precisely and the other vaguely.

The second example has this same characteristic when data contain a measurement error. Consider a bivariate

continuous random variable (X,Z) with an unknown distribution function G(x, z). Suppose Z has no measurement

error but random variable X can not be directly observed, instead one observes W which can represent X with a

measurement error (for example,W = X+ ϵ, where ϵ is a measurement error). For simplicity, suppose further that the

distribution of ϵ is completely known, say f (w|x), and that W and Z are independent given X. Then the joint density

of (X,W, Z) is f (w|x, z)g(x, z) = f (w|x)g(x, z). Now let us consider the nonparametric estimation of the distribution

G. Since X is not observed, for given IID data {(W1,Z1), . . . , (Wn,Zn)}, the observed likelihood can be represented as

L(G) =

n∏
i=1

∫
f (wi|x)g(x, zi)dx

=

n∏
i=1

∫
f (wi|x = ξ)I(z = zi)dG(ξ, z). (0.3)

In this case, if the data have no ties and f (wi|x = ξ) is a completely known unimodal density f (w − x) with mode

0, then it is known that the ML estimate for G is the empirical distribution of (W,Z), which clearly converges to the

wrong distribution (Roeder, Carroll and Lindsay , 1996; Gaydos , 1997).
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This failure is due to the integrand in (0.3), f (wi|x = ξ)I(z = η), which is continuous in W but discrete in Z. Due

to this mixed form of continuous and discrete densities, when the ML procedure estimates the conditional distribution

of X|Z = zi, it fails to pool information across Z observations. However, if both X and Z had been measured with

error, there would have no problem with the MLE (Roeder, Carroll and Lindsay , 1996).

In these examples, the maximum likelihood failed due to inhomogeneity in measurement accuracy. That is, if both

variables are accurately observed or vaguely observed, the ordinary MLE will be consistent. From this investigation,

we consider making all data artificially vague through smoothing data. In this case, we will necessarily experience

bias and information loss for the resulting estomator due to smoothing. The proposed method is designed to avoid

these undesirable features by smoothing not only data but also a given model at the same time. This will be briefly

explained as follows.

For a given parametric or nonparametric model density m(x; θ) and IID data X1, . . . , Xn, the doubly-smoothed

maximum likelihood estimator (DS-MLE) of θ will be defined as the maximizer of

l∗(θ) =
n∑

i=1

∫
Kh(xi, t) logm

∗(t;mθ)dt, (0.4)

where Kh is a kernel density with a bandwidth h and

m∗(t;mθ) =

∫
Kh(x, t)mθ(x)dx. (0.5)

Note that θ can be finite or infinite dimensional, so the method can be applied to any parametric or nonparametric

model.

Theoretically, DS-MLE is very generally consistent for any type of model even with a fixed bandwidth. Moreover,

its information loss is very small or none. In this talk, I will describe the proposed method in detail and discuss the

consistency and efficiency of the DS-MLE with a fixed bandwidth h. In addition, I will also present some simple

numerical examples.
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