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This paper develops a new class of nonparametric tests for monotonicity of conditional expectation functions. Two

leading examples of our testing framework are testing monotonicity of regression and testing stochastic monotonicity.

We propose test statistics in the form of one-sided Lp-type functionals of local U-processes. Drawing on the approach

of Poissonization, we establish that the tests are asymptotically distribution free, admitting asymptotic normal approx-

imation. Furthermore, the tests have nontrivial local power against a certain class of local alternatives converging to

the null at the rate of (nh2)1/2, where n is the sample size and h is a bandwidth. In addition, we show that asymptotic

validity of two versions of bootstrap critical values. Monte Carlo experiments illustrate that the finite-sample perfor-

mance of the proposed tests. We also illustrate the usefulness of our tests by applying them to test for strategic entry

deterrence in industrial organization using real data.

Suppose that we observe n independent and identically distributed (i.i.d.) random vectors {(Yi, Xi) : i = 1, . . . , n}
from the joint distribution of random variables Y and X. For a given function Gy : R → R indexed by y ∈ R, this
paper focuses on testing

H0 : ∀(y, x) ∈ Y × X,
∂E[Gy(Y)|X = x]

∂x
≤ 0 against

H1 : ∃(y, x) ∈ Y × X,
∂E[Gy(Y)|X = x]

∂x
> 0,

where Y ⊂ R and X ⊂ R are domains of interest for y and x. Monotonicity of a nonparametric function is of interest

in numerous applications. For example, suppose thatGy(Y) = Y so that the nonparametric function is the conditional

mean function E[Y |X = ·], and the main interest lies in whether the typical value of Y given X = x decreases if we

increase x. A monotonicity of such a type can be construed in various contexts as describing the way expenditures

are related to incomes, or wages to cognitive skills. See, for example, Bowman, Jones, and Gijbels (1998), Hall and

Heckman (2000), Ghosal, Sen, and van der Vaart (2000), and Gijbels, Hall, Jones, and Koch (2000) for existing tests

of the hypothesis that E[Y |X = x] is increasing in x.

Quite often, monotonicity is an important restriction that is used to construct an identified set (see, e.g., Manski

and Pepper (2000), Blundell, Gosling, Ichimura and Meghir (2007) among many others). In certain contexts, mono-

tonicity of a nonparametric function is an implication from an economic theory. See Ellison and Ellison (2007), for

example, who have shown the monotonicity of investment levels in market size under certain conditions.

Recently, Lee, Linton and Whang (2009) proposed a nonparametric test of monotonicity of conditional CDFs in

conditioning variables. A recent paper by Delgado and Escanciano (2010) considers the monotonicity hypothesis in

Lee, Linton and Whang (2009), and proposes an alternative approach based on least concave majorants and verified

various desirable properties of the approach. When Gy(Y) = 1(Y ≤ y), we provide an alternative test for stochastic

monotonicity.

This paper’s test statistic is based on a U-process involving kernels. The paper derives the asymptotic properties

of the one-sided Lp-integral of the U-process by using the approach of Poissonization developed by Beirlant and
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Mason (1995) and Giné, Mason, and Zeitsev (2003: GMZ hereafter). Recent applications of this approach include

Mason and Polonik (2009) and Biau, Cadre, Mason, and Pelletier (2009) for asymptotic distribution theory in support

estimation, Anderson, Linton and Whang (2009) for nonparametric estimation of polarization measures, and Lee,

Song and Whang (2010) for testing multiple functional inequalities.

To describe our test statistic, consider the following process: for (y, x) ∈ Y × X,

�gy(x) ≡
1

n(n − 1)

n∑
i=1

n∑
j=1, j,i

G∆y (Yi,Y j)sgn(Xi − X j)Kh(x − Xi)Kh(x − X j), (0.1)

where G∆y (Yi, Y j) ≡ Gy(Yi) − Gy(Y j), and Kh(z) ≡ K(z/h)/h, and the function sgn(·) is defined to be sgn(x) ≡ 1{x >
0} − 1{x < 0}, x ∈ R.

Let p be a real number such that 1 ≤ p < ∞. For each y ∈ Y, define a functional Γy : φ 7−→
∫
X Λp(φ(x))wy(x)dx,

where

Λp(·) : φ 7−→ (max {φ, 0})p .

To construct a feasible test statistic, we define

�ρy1,y2(x) ≡
 �By1,y2(x) −

�By1 (x)
�By2 (x)

�f (x)

 ∫ K̄2(u)du,

where �f (x) ≡ 1

n

∑n
i=1 Kh(x − Xi),

�By1,y2 (x) ≡ 4

nh

n∑
i=1

Gy1(Yi)Gy2(Yi)Kh(x − Xi) and

�By(x) ≡ 2

nh

n∑
i=1

Gy(Yi)Kh(x − Xi).

Letting �ρ2y(x) ≡ �ρy,y(x), we define

�ty1,y2 (x, u) ≡
�ρy1,y2 (x)

�ρy1 (x) �ρy2 (x)
·
∫
K̄(x)K̄(x + u)dx∫

K̄2(x)dx
and

�qy1,y2 (x) ≡
∫ 1

−1
H(�ty1,y2 (x, u))du.

In addition, we define

�ay ≡
∫
X
�ρ
p
y (x)wy(x)dx · EΛp(Z1) and

�σ2 ≡
∫
Y

∫
Y
�σy1,y2dy1dy2,

where �σy1,y2 ≡
∫
X �qy1,y2(x) �ρ

p
y1(x) �ρ

p
y2(x)wy1 (x)wy2(x)dx.

We now construct the following test statistic:

Tn ≡
1

�σ

∫
Y

{
np/2h(p−1)/2Γy(�gy) − h−1/2 �ay

}
dy.

In the least favorable case of H0, i.e., in the case where for all (y, x) ∈ Y × X, H0 holds with inequality, Tn converges

in distribution to N(0, 1). Let z1−α be the (1 − α)% quantile of N(0, 1). Then we propose the following test:

Reject H0 if and only if Tn > z1−α. (0.2)

73



ô�Ç²DG:�x>��<Æ�r 2011�̧�ð�r>��<ÆÕüt�7Hë�Hµ1Ï³ð�ráÔ�Ðr�ç̀


Drawing on the approach of Poissonization, we establish that the tests are asymptotically distribution free, ad-

mitting asymptotic normal approximation. Furthermore, the tests have nontrivial local power against a certain class

of local alternatives converging to the null at the rate of (nh2)1/2, where n is the sample size and h is a bandwidth.

In addition, we show that asymptotic validity of two versions of bootstrap critical values. Monte Carlo experiments

illustrate that the finite-sample performance of the proposed tests. We also illustrate the usefulness of our tests by

applying them to test for strategic entry deterrence in industrial organization using real data.
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