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An Overview of Non- and Semiparametric Inference
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Statistical inference, roughly speaking, is the procedure of extracting information from data that are subject to random

variation. In this presentation, the data are postulated to be the realized values of random variables which are assumed

to follow a distribution, P, belonging to some known class P. The aim of the statistical inference is then to understand

something about the distribution where the data is assumed to be drawn. Frequently, a parameter θ = ϕ(P) where ϕ

is a function from P to a set Θ is the quantity of interest in statistical inference. The distributions in the known class

P can be indexed by a parameter θ taking values in a set Θ so that P = {Pθ, θ ∈ Θ} if the function ϕ is surjective.

Furthermore, if the function ϕ is bijective, the distribution in P can be identified with θ. In this context, Lehmann

(1983) describes the aim of the statistical inference is to specify a plausible value for θ or subset of Θ of which we can

plausibly assert that it does, or does not, contain θ.

The known class P is called a statistical model. In classical statistics, the set Θ is of finite dimension and such a

model indexed by a finite dimensional parameter is called parametric model. Non- and semiparametric models are

statistical models that cannot be indexed by a finite dimensional parameter. Specially semiparametric models are

indexed by a parameter that consist of finite dimensional and infinite dimensional components. We see the difference

among parametric, nonparametric and semiparametric models via a set of regression models. Let (X1,Y1) . . . , (Xn,Yn)

be a random sample from a common distribution Pθ. Here Yi’s are random variables and Xi’s are d-dimensional

random vectors. For simplicity we assume Yi = m(Xi) + ϵi where Xi and ϵi are independent, ϵi and Xi have density

function f and g, respectively. We consider the following classes:

PM Assume m(Xi) = β
TXi, f = σ

−1ϕ(·/σ) and g is known. Then the joint density of (Xi,Yi) is given by p(x, y; θ) =

σ−1ϕ((y−βT x)/σ)g(x) with θ = (β, σ) ∈ Θ = Rd×R+. Here ϕ denotes the density function of the standard normal

distribution.

NM Assume m is smooth but arbitrary, g is smooth but arbitrary and
∫
|u|r f (u)du < ∞ for some r. Then p(x, y; θ) =

f (y−m(x))g(x) with θ = (m, f , g) ∈ Θ =M×F ×G. HereM, F and G are set of functions and density functions.

SM1 Assume m(Xi) = βTXi, g is smooth but arbitrary, f ∈ Q = { f : f ≥ 0,
∫
f = 1, f is symmetric and smooth}.

Then p(x, y; θ) = f (y − βT x)g(x) with θ = (β, f , g) ∈ Θ = Rd × Q × G.

SM2 Suppose Xi = (Ui,Vi) where the dimension of Ui = d1 < d. Assume m(Xi) = β
TX1

i
+ h(X2

i
), h and g are smooth

but arbitrary, f ∈ Q. Then p(u, v, y; θ) = f (y − βTu − h(v))g(u, v) with θ = (β, h, f , g) ∈ Θ = Rd1 × H × Q × G.
Here,H is a set of functions.

It is well known that under PM the maximum likelihood estimator is an efficient estimator among some class of

estimators but it may mislead if any assumption is violated. In practice, often, the known class actually implies the

assumed or at most presumed class instead of the presupposed one. A careful researcher is always aware of such

a danger and tries to check the validity of the model specification. Model SM1 weakens the normality assumption

of the error distribution. Models SM2 and NM weaken the linearity assumption for the conditional mean. A major
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practical motivation of using non- and semiparametric models is the need to avoid masking important characteristic of

the data by imposing a set of strict assumptions. It is hardly necessary to emphasize the importance and popularity of

flexible models in modern statistics. In the last three decades significant progress has been made in the study of non-

and semiparametric inference. As is known, the area of non- and semiparametric inference is too broad and there is a

huge body of related literature. Thus the discussion in this overview will focus on the curve estimation that is rather

specific but of great interest. This selection, of course, is just due to the limitation of my ability and not due to the

importance due to the lack of information.

To broaden the parameter space, on the other hand, is not for free. One has to pay some price for a flexible

model with a slower rate of convergence of a nonparametric estimator than that of a parametric estimator. Often

nonparametric estimators have the convergence rate of n−α where α < 1/2 and depends on the complexity of infi-

nite dimensional parameter space, which is slower than the parametric rate of n−1/2. The slow rate of convergence

arises from the principal features of the nonparametric estimation. Usually it is not possible to estimate an infinite

dimensional parameter directly with a finite number of observations. In nonparametric curve estimation, there are

two main approaches to deal with the infinite dimensional problem: the localization and the approximation with basis

expansion. Both approaches covert the infinite dimensional estimation problem to a finite dimensional estimation

problem.

The localization approach is represented by, so called, the kernel smoothing method. Relevant examples of the

kernel smoothing are the kernel density estimator and local polynomial regressions. In localization approach, we

estimate a function value at the given point instead of function itself. For instance, let us consider a density estimation

problem. Recall that the parametrization can be regarded as a function defined on a space of distributions, i.e. θ =

ϕ(P). In density estimation problems, the statistical model would be a set of distribution which has smooth densities

with respect to Lebesgue measure and then the parametrization can be done by the differential operator, say P =
{P f : f ∈ Θ} where Θ = { f : f ≥ 0,

∫
f = 1, f is smooth}. Now consider a linear functional δx : Θ → R with

δx( f ) = f (x). As is known, such a functional is called Dirac delta and is not continuous. We, however, can construct

a sequence of continuous linear functionals that converges to Dirac delta by using a localizing kernel. Let K be a

symmetric density function and define Kh(t) = h−1K(t/h). We define Kh( f ) = Kh ∗ f (x) ≡
∫
h−1K((x − y)/h) f (y)dy.

It is easy to see that limh→∞Kh( f ) = δx( f ) = f (x). Note that Kh( f ) = E fKh(x − X1) where E f is the expectation

under P f . This observation and the idea of method-of-moment together lead to the so called kernel density estimator

of Rosenblatt (1956):

f̂ (x) =
1

n

n∑
i=1

1

h
K

(
x − y
h

)
.

See Silverman (1986) and Scott (1992) for a detailed discussion of the estimator. Some other smoothing techniques

including local polynomial regressions and local likelihood methods are based on localized models. In those ap-

proaches, one constructs localized risk by using a localizing kernel that converges to the risk for estimation problem

of a function value at a point and optimizes the empirical version of that localized risk. We refer to Fan and Gijbels

(1996), Loader (1999) and Wasserman (2006) for detailed discussion of those methods.

The second approach introduces a coordinate system to a function space by providing an appropriate set of basis.

In this approach, the parameter spaceΘ is usually a subspace of Lp space or some metric space. Let the system {b j}∞j=1
be a basis for the function space under the consideration, sayH . Then for any h ∈ H , we have h =

∑∞
i=1 θ jb j with real

numbers θ j. As we have discussed we cannot estimate, in principle, more parameters than the number of observations.

One simple idea is to truncate the linear combination up to some number N. Then we have an approximation of h

as �h =
∑N

i=1 θ jb j. If we use this approximated model, the estimation problem reduces to an N-dimensional problem

where one can use heaps of parametric methods. There are other type of approximations of the function spaces such
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as penalizing methods and mixture classes. For details, we refer to Fan and Gijbels (1996), Wahba (1990), Härdle et

al. (1998) and Donoho et al. (1995).

As we have seen above, both localization and approximation methods make a bias in the estimation. We, however,

can still have consistency by making a link between the localizing parameter h or the approximation parameter N and

the sample size n. For this reason, the inference theory of nonparametric estimation is usually asymptotic inference.

The most important characteristic nature of nonparametric inference is the trade off between bias and variance. The

more localized or the more precisely approximated, the less bias but the more variance we have. Hence it is the

most central issue of nonparametric function estimation how to make an optimal trade off. Of course, it depends on

the size of the model class which is usually given in terms of smoothness. See Park and Marron (1990), Ruppert et

al. (1995), Wahba (1990) and Donoho and Johnstone (1995). Another important issue is that the size of the model

class increases rapidly when the dimension of the domain of functions increases. This issue is often phrased as curse

of dimensionality. To circumvent the curse of dimensionality, one may impose some structure on the function such

as additive model, linear index models, or functional ANOVA models, which effectively reduce the dimensionality.

Stone (1985) and Hastie and Tibshirani (1990) have made deep and broad discussions on this issue. We should be

aware of that there are many other important issues that are not addressed here due to the limit of time and space.

Semiparametric models are essentially nonparametric since the dimension of the full parameter space is infinite.

Semiparametric inference theory, however, has different main focus than that of nonparametric inference. From the

theoretical point of view, the main aim of semiparametric inference is efficient estimation of the finite component in

the parameter. Usually, at least in semiparametric inference theory, the infinite dimensional component is regarded

as a nuisance parameter. Then, the main problems of semiparametric inference theory to calculate the efficiency

bound and construct an estimator or a test statistic, if possible, that attain the efficiency bound. To formalize, we set

θ = ϕ(P) = (ϕ1(P), ϕ2(P)) where ϕ1 : P → D and ϕ2 : P → H . Here D is finite dimensional and H is infinite

dimensional. Then Θ = D × H , ϕ2(P) is the nuisance parameter and ϕ1(P) is the parameter of interest. Suppose

X1, . . . , Xn is a random sample from a Pθ ∈ P. An estimator Tn = Tn(X1, . . . , Xn) of the parameter ϕ1(P) is efficient

if the asymptotic variance of
√
n(Tn − ϕ1(P)) is the smallest among all regular estimators of ϕ1(P). Regularity is

defined more explicitly in literature such as Bickel et al. (1993). Here it suffices to say conceptually that the limiting

distribution of
√
n(Tn − ϕ1(P)) is continuous in P for a regular estimator Tn. Be careful that not only the parameter

ϕ1(P) but also the distribution of Tn changes as P varies. The efficiency bound for estimating ϕ1(P) depends on the

size of the parameter space P. Estimation under the semiparametic model P is more difficult than estimation under

any parametric submodel P0 = {Pθ, θ ∈ Θ0} where Θ0 ⊂ Θ is finite dimensional. Thus the information for estimation

under model P is worse than the information under any parametric submodel P0. If the inverse of the asymptotic

variance for a regular estimator Tn is equal to the infimum of the information over all efficient estimators for all

parametric submodels, then the estimator Tn is semiparametric efficient in the sense that the only parametric models

have more information. A subparametric model which achieves this infimum, if exists, is called a least favorable

submodel. For more details, see Bickel et al. (1993), van de Geer (2000), Murphy and van der Vaart (2000), Severini

and Wong (1992), Schick (1986, 1993) and Yu et al. (2011).

There are, of course, many other recent development in non- and semiparametric inference that have not been

addressed in this brief overview including practical modelling issues. These topics are overseen here not because

they are less important but because the limitation of time and space. We refer to Wasserman (2006), Härdle (1990)

and Horowitz (2009) for further reading.

70



Proceedings for the Spring Conference, 2011, The Korean Statistical Society

References

Bickel, P., Klaassen, A., Ritov, Y. and Wellner, J. (1993). Efficient and Adaptive Estimation for Semiparametric

Models, The Johns Hopkins University Press, Baltimore.

Donoho, D.L. and Johnstone, I.M. (1995). Adapting to unknown smoothness via wavelet shrinkage, Journal of the

American Statistical Association, 90, 1200�1224.

Donoho, D.L., Johnstone, I.M., Kerkayacharian, G. and Picard, D. (1995). Wavelet shrinkage: Asymptopia? Jour-

nal of the Royal Statistical Society, Series B, 57, 301�337.

Hastie, T. J. and Tibshirani, R. J. (1990). Generalized Additive Models, Chapman and Hall, London.
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