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1. Introduction

In the wake of the high dimensional nature of many current data sets, penalized regression methods become a popular

choice to address variable selection and multicollinearity. The ridge estimator (Hoerl and Kennard , 1970) circum-

vents the problem of high correlations between predictors by utilizing L2 penalty. While its practical performance is

satisfactory in many cases, the ridge estimator can be bothered by irrelevant variables since it uses all the predictors

in hand. Tibshirani (1996) proposes the least absolute shrinkage and selection operator (LASSO) using L1 penalty,

which selects variables and estimates parameters simultaneously. However, it shows inferior empirical performances

to the ridge in the presence of multicollinearity (Tibshirani , 1996). Bridge regression (Frank and Friedman , 1993)

utilizes the Lγ (γ > 0) penalty, which includes the ridge and LASSO as special cases. Further, we refer to Zou and

Hastie (2005), Fan and Li (2001), Zou (2006), Park and Casella (2008) and Zou and Zhang (2009) for recent de-

velopments of penalized methods such as the elastic net, SCAD (Smoothly Clipped Absolute Deviation), the adaptive

LASSO, the Bayesian LASSO and the adaptive elastic net.

Among others, we consider bridge regression method, since it has a general Lγ penalty form, and thus naturally

fits any situation where it needs variable selection or there exists multicollinearity (Park and Yoon , 2010). Much

work has been done when the regression error terms are assumed to be independent. Fu (1998) studies the structure

of bridge estimators and proposes a general algorithm to solve for γ ≥ 1. Knight and Fu (2000) show asymptotic

properties of bridge estimators with γ > 0 when p is fixed. Huang et. al (2008) study the asymptotic properties of

bridge estimators in sparse, high dimensional, linear regression models when the number of covariates pmay increase

along with the sample size n. Park and Yoon (2010) also consider an adaptive choice of γ in a linear regression model,

and propose an algorithm that selects grouped variables. Nevertheless, to our best knowledge, bridge estimators have

not been studied for the data collected sequentially in time where they may suffer from significant serial correlation.

It is worthy of noting that Wang et. al (2007) suggested an algorithm to obtain LASSO and Adaptive LASSO for the

linear regression model with autoregressive errors (REGAR model).

The main objective of this paper is to study the asymptotic properties of bridge estimators for the linear regression

model with mixing errors and introduce a computational algorithm that utilizes the local quadratic approximation

and adaptively selects tuning parameters. As a special case of mixing errors, we consider ARMA-GARCH models

and develop an improved algorithm that perform well for the order selection and parameter estimation of the linear

regression model with ARMA-GARCH errors, which is a general extension of REGAR model in Wang et. al (2007).

2. Bridge estimators with mixing error

We consider a linear regression model with p predictors and T observations:

Yt = x′tβ + et, t = 1, . . . ,T, (2.1)
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where β = (β1, · · · , βp)
′, xt = (xt1, · · · xtp)′ and the error term et is a mixing process. Note that ARMA and GARCH

models can be mixing processes under some mild conditions. We assume that the Yt’s are centered and the covariates

xt’s are standardized, that is,

T∑
t=1

Yt = 0,

T∑
t=1

xt j = 0 and
1

T

T∑
t=1

x2t j = 1, j = 1, . . . , p.

We estimate β by minimizing the penalized least squared objective function:

LT (β) =
T∑
t=1

(Yt − x′tβ)
2 + λT

p∑
j=1

|β j|γ, (2.2)

where λT is a penalty parameter. For any given γ > 0, the value �βT that minimizes (2.2) is called a bridge estimator.

It does variable selection when 0 < γ ≤ 1, and shrinks the coefficients when γ > 1.

We establish asymptotic properties of bridge estimators under the model (2.1) and show that bridge estimators are

a root-T consistent and have the oracle property, that is, they can perform as well as if the correct submodel were

known.

3. A computational algorithm

3.1. A general algorithm

We introduce an algorithm for bridge estimators with γ > 0 using the local quadratic approximation. If 0 < γ < 1,

the minimization problem in (2.2) is not convex and we use the local quadratic approximation proposed by Fan and Li

(2001) to circumvent this issue.

3.2. Algorithm for ARMA-GARCH error models

We can further improve the algorithm introduced in subsection 3.1 by incorporating the information about the de-

pendence structure of a given time series if known in advance. We establish this procedure under a linear regression

model with ARMA-GARCH error. Note that REGAR model in Wang et. al (2007) is a special case of the general

models considered.

4. Simulation and real data analysis

We study the performance of the bridge estimator in the simulated setting with an ARMA(1,1) error model. We

compare the least squares (LS) without penalty, the ordinary bridge and the proposed algorithm assuming et follows

the ARMA model. In the proposed algorithm, we consider the 1-step estimation and the full convergence estimation.

We also analyze a data set from Ramanathan (1998), which develops statistical models for the consumption of

electricity by residential customers served by San Diego Gas and Electric Company. This data contains 87 quarterly

data from the second quarter of 1972 through fourth quarter of 1993. The response variable is the electricity con-

sumption as measured by the logarithm of the kwh sales per residential customer. The independent variables are the

per-capita income, the price of electricity, cooling degree days and heating degree days.
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