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1. Introduction

Dimensionality is a major concern in analyzing high-dimensional data. High-dimensionality often makes data anal-

ysis incredibly difficult, so dimension reduction becomes a fundamental issue. For instance, data on gene expression

can involve hundreds of genes, and dimension reduction of the genes is one of the key steps for the data analysis.

2. Dimension reduction in semi-supervised data

As a dimension reduction method in statistical application and applied sciences, principal components have a long

history of use. Here the method of principal components is focused on regression. The basic idea is to replace the

predictor X ∈ Rp with a few of the principal components of �vT
j
X, j = 1, . . . , p, prior to regression with response Y ∈

R1, where �v j is the eigenvector of the sample covariance matrix �Σ of X corresponding to its j-th largest eigenvalues.

The principal components corresponding to larger eigenvalues are usually selected to replace the original predictor

X. In regression literature, the principal components have been motivated to fix collinearity, because collinearity

adversely affects a regression of Y |X. In addition, interest in principal components to regression has been increased

as large-p and small-n regressions become popular, mainly, in genomics literature.

Two general concerns have dogged the use of principal components in regression: (i) principal components are

computed from the predictors alone and do not make apparent use of the response, and (ii) principal components are

not invariant or equivariant under full rank linear transformation of the predictors. To solve these two issues, principal

fitted components (Cook, 2007) have been developed, and uses normal models for the inverse regression of X|Y to

obtain sufficiently reductive information for the forward regression of interest. The maximum likelihood has been

adopted to estimate unknown quantities in principal fitted components.

Semi-supervised data often arises in classification problems (for example an artificial intelligence), where a small

number of labeled data is available with a large amount of unlabeled data, due to the difficulty of labeling.

We are given a p-dimensional sample consisting of n = nu + nl observations with nl labeled pairs {Xi, Yi}nl

i=1
and

nu unlabeled {Xi ∈ Rp,Yi ∈ R1}n
i=nl+1

. Let U be a set of the unlabeled ys and L be a set of the labeled ones. To

denote the observations in a unified way, we define the indicator function Iy of y such that Iy = 1 for unlabeled and 0

otherwise.

In usual semi-supervised data, if dimension reduction for X should be done prior to model development, principal

component analysis should be a popular choice, because it does not require labeling of response variables. If we can

draw useful information about dimension reduction of X under considering relation between Y and X from labeled

portion and can combine it into principal component analysis, it may have potential to accomplish better dimension

reduction of X than principal component analysis.
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2.1. Model development

In this investigation, we will adopt principal fitted components for labeled data and principal components for unlabeled

data, and combine the two for dimension reduction of X. For this we consider the following model:

Xy = µ̄ + IyΓνy + (1 − Iy)βfy + σε, (2.1)

where Iy = 1 for unlabeled and 0 otherwise, Γ ∈ Rp×d, d < p, ΓTΓ = Id, the structural dimension d is assumed to be

known, β ∈ Rd×r with d ≤ min(p, r) is unknown and fy ∈ Rr is a known vector-valued function of the response with

E(fy) = 0, and ε is normally distributed with mean 0 and the covariance matrix Ip.

We call model (2.1) combined principal component and fitted component (CPCFC) models, which are proposed

for reducing the dimension of X for semi-supervised data.

Under model (2.1), the conditional distribution of Y |X is equal to the one of Y |ΓTX, that is, the original predictors
X can be replaced by the lower-dimensional linearly transformed predictor ΓTX without loss of information of Y |X.
The dimension-reduced predictor ΓTX is called sufficient predictor, and the minimal subspace spanned by the columns

of Γ is defined as the central subspace. Therefore, the estimation of Γ among the other unknown quantities is the main

purpose of the dimension reduction of X. Unknown parameters in model (2.1) through maximum likelihood.

We need to give special attention to the estimation of Γ. As ΓTX is a sufficient reduction, for any d×d orthogonal
matrix O, (ΓO)TX is also sufficient. Thus Γ is not estimable, but the subspace spanned by its columns is estimable.

This implies that we should any basis of the column space of Γ under Grassmann manifold G(d,p).

2.2. Results

Under model (2.1), first, we will discuss the choices of fy. Then maximum estimators of unknown parameters in (2.1)

will be reported. And a toy simulation example will be presented.

3. Multivariate marginalized random effects model

Let us first consider bivariate longitudinal binary responses. The extension to more than two responses is straight-

forward. Denote the response vector for the ith subject by yi = (yT
i1
, · · · , yT

ini

)T where yT
it
= (yit1, yit2) are two binary

responses at time t; t = 1, · · · , ni. We assume that yit1 are conditionally independent given bi·1 = (bi11, · · · , bini1).

Analogously, yit2, t = 1, · · · , ni, are conditionally independent given bi·2. Also yit1 and yit2 are conditionally inde-

pendent given bi = (bi11, bi12, · · · , bini1, bini2) and the response on different subjects are independent. Let xit indicate

covariates corresponding to yit. We first specify the marginal models as

logit {P(Yit1 = 1|xit)} = xTitβ1, (3.1)

logit {P(Yit2 = 1|xit)} = xTitβ2, (3.2)

where β1 and β2 are p× 1 dimensional unknown marginal mean parameter vectors, and xit is p× 1 dimensional vector

of covariates. In conditional models, we have

logit {P(Yit1 = 1|bit1, xit)} = △it1 + bit1, (3.3)

logit {P(Yit2 = 1|bit2, xit)} = △it2 + bit2, (3.4)
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where bi = (bi11, bi12, · · · , bini,1, bini,2)
T

∼
i.i.d. N (0,Σ), 0 is a vector of 2ni zeros, and Σ = Σ1 ⊗ Σ2 with

Σ1 =


1 e−α · · · e−α(ni−1)

e−α 1 · · · e−α(ni−2)

...
...

. . .
...

e−α(ni−1) e−α(ni−2) · · · 1


and Σ2 =

 σ2
1

σ12

σ12 σ2
2

 .

Note that Σ1 represents the covariance matrix among the T measurements having an AR(1) structure for serial depen-

dence, whereas Σ2 represents the covariance matrix between bit1 and bit2.

The marginal mean models, (3.1) and (3.2), are logistic regression models. Serial dependencies are captured by

the random effects in (3.3) and (3.4). The regression parameters in (3.1) and (3.2) have marginal interpretations unlike

generalized linear mixed models (Breslow and Clayton (1993)). An advantage of these models is the ability to use

conditional models for association while still structuring the marginal mean as a function of covariates directly. As

a result, the interpretation of the regression coefficients, β, does not depend on the specification of the dependence

model.

For longitudinal data analysis with random effects, bi, the marginal probability captures the systematic variation

in the marginal probability that is due to xit, whereas parameters in cov(bi) provide a measure of random variation

of bivariate responses at the same time and both across individuals and over time. Heagerty and Kurland (2001)

investigated the impact on the estimates of regression coefficients of incorrect assumptions regarding the random

effects in generalized linear mixed models and marginalized models and found that marginalized regression models

are much less susceptible to bias resulting from random effects model misspecification.

The marginal and conditional probabilities in (3.1), (3.2), (3.3), and (3.4) are related as follows:

PM
it j =

∫
Pc
it j(bit j) f (bit j)dbit j, (3.5)

where PM
it j
= P(Yit j = 1|xit), Pc

it j
(bit j) = P(Yit j = 1|bit j, xit) for j = 1, 2 and f (·) is a univariate normal distribution with

mean 0 and variance var(bit j). We use (3.5) to solve for △it j given β j and σ j.

Reparametrization of the random effects and their covariance matrix. From a computational perspective, it is

convenient to orthogonalize the random effects by setting bi = Σ
1

2

1
⊗ Σ2

1

2 zi, where Σ1
1

2 and Σ2
1

2 , lower triangular

matrices with positive diagonal elements, are the Cholesky factor of the ni × ni matrix Σ1 and that of the 2 × 2 matrix

Σ1, respectively (Gibbons and Bock (1987)), which are given by

Σ
1

2

1
=



1 0 0 · · · 0

e−α
√
1 − e−2α 0 · · · 0

e−2α e−α
√
1 − e−2α

√
1 − e−2α · · · 0

...
...

...
. . .

...

e−α(ni−1) e−α(ni−2)
√
1 − e−2α e−α(ni−3)

√
1 − e−2α · · ·

√
1 − e−2α


and Σ

1

2

2
=

 s11 0

s12 s22

 ,
and zi is a 2ni × 1 vector of independent standard normals. The reparameterized conditional model is then given by

logit{P(Yit j = 1|zi, xit)} = △it j + c(2(t−1)+ j)zi,
zi ∼ N(0, I),
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where c(2(t−1)+ j) is the 2(t − 1) + jth row vector of Σ
1

2 for j = 1, 2 and I is the identity matrix of order 2ni. This

transformation allows us to estimate the Cholesky factor Σ
1

2 instead of the covariance matrix Σ. Since the Cholesky

factor is the square root of the covariance matrix, it allows a more stable estimation of near-zero variance terms

(Hedeker and Gibbson (1994)).

The marginalized models have advantages over conditional models. First, the interpretation of regression coef-

ficients does not depend on specification of the dependence in the model, unlike in conditional models. In addition,

estimation of covariate effects has been shown to be more robust when applied to misspecification of dependence.

4. Using dimension reduction and model fitting for the efficient government R&D spending

Dimension reduction and model fitting is used in many fields. The government budget compilation process is one of

them. In order to make government budget allocation and consequent spending efficient, numerous analytic studies

are conducted. Results from such studies, often products of statistical analysis, assist decision makings in every

budgeting process.

Amongst abundant raw data, selecting and processing them for decision making in government budgeting is a

daunting task. Due to its complexity, a budgetary process is often called a political process. Hence, less dimension-

ality after data processing is easier for policy makers summarizing and synthesizing trends in many public budget

related variables. In addition, to make decisions in a scholarly and objective way, public servants adopt budget theo-

ries which were often proved by statistical model fitting methods.

Some studies using dimension reduction and model fitting methods that have contributed to the government re-

search and development budget compilation process will be described.
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