
Proceedings for the Spring Conference, 2011, The Korean Statistical Society

Variable Selection in Penalized Support Vector Machines

Changyi Parka, Kwang-Rae Kimb, Rangmi Myungc, and Ja-Yong Kood

aDepartment of Statistics, University of Seoul bInstitute of Statistics, Korea University
cKorea Development Institute dDepartment of Statistics, Korea University

1. Introduction

In many scientific investigations, a large number of input variables are given at the early stage of modeling and

identifying the variables predictive of the response is often a main purpose of such investigations. In recent years, the

support vector machine has become an important tool in classification problems of many fields.

Several variants of the support vector machine adopting different penalties in its objective function have been

proposed. However the Fisher consistency and oracle property of these penalized support vector machines has not

been studied so far. In this presentation, we study the oracle property of the penalized support vector machines with

the smoothly clipped absolute deviation and adaptive lasso penalties in the setting where the dimension of inputs

is fixed. More importantly, we study the Fisher consistency of the support vector machine over the class of linear

hyperplanes, which ensures the oracle property to be meaningful in the context of classification.

2. Oracle property

Let (X,Y) be a pair of input and output variables with X ∈ X ⊂ Rd and Y = ±1. The marginal distribution of Y is

given as P(Y = 1) = π+ and P(Y = −1) = π−, where π+, π− > 0 and π+ + π− = 1. The conditional densities of X

given Y = 1 and −1 are denoted as f and g, respectively. Denote �x = (1, x) = (1, x1, . . . , xd), β = (β0, β1, . . . , βd),

β+ = (β1, . . . , βd) and

h(x;β) = β⊤ �x = β0 + β1x1 + · · · + βdxd.

Given training data {(Xi,Y i)}n
i=1

independently drawn from the distribution of (X,Y), the penalized SVMminimizes

the objective function defined as

ln(β) =
1

n

n∑
i=1

[
1 − Y ih(Xi;β)

]
+
+ λnpenλn (β), (2.1)

over β ∈ Rd+1, where [z]+ = max(z, 0) for z ∈ R, λn > 0 is a penalization parameter, and penλ(·) is an appropriate

penalty functional. Let

�β = argmin
β

ln(β).

Examples of penalty functionals include the L1-norm (Zhu et al. , 2003), SCAD (Fan and Li , 2001), and alasso

penalties (Zou , 2007).

2.1. SCAD penalty

Consider the penalty functional defined as penλ(β) =
∑d

j=1 pλ(|β j|), where the SCAD penalty pλ is defined as follows:

for θ > 0, its first derivative is

p′λ(θ) = λ

{
I(θ ≤ λ) + (aλ − θ)+

(a − 1)λ I(θ > λ)

}
,
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where a > 2 and λ > 0 are tuning parameters. It is symmetric, nonconvex on [0,∞), and singular at zero. The SCAD

penalized SVM solves minβ QS (β), where

QS (β) =
1

n

n∑
i=1

[
1 − Y ih(Xi;β)

]
+
+

d∑
j=1

pλn(|β j|). (2.2)

Under the regularity conditions, we establish
√
n-consistency of the SCAD estimator when λn → 0 as n →

∞ (Theorem 1). The sparsity �α2 = 0 of the SCAD estimator can be obtained (Lemma 1). Consequently, we can

establish the oracle property of the SCAD estimator (Theorem 2).

2.2. Alasso penalty

Let �β be the solution of the L2-norm SVM such that ∥ �β − β∗∥ = OP(n
−1/2). The existence of such an estimator has

been proved in Koo et al. (2008). Consider penλ(β) =
∑d

j=1 �w j|β j| where for some appropriate γ > 0, �w j = 1/| �β j|γ,
j = 1, . . . , d. The alasso penalized SVM solves minβ QA(β), where

QA(β) =
1

n

n∑
i=1

[
1 − Y ih(Xi;β)

]
+
+ λn

d∑
j=1

�w j|β j|. (2.3)

Denote �β(A) = [ �β(A)1, �β(A)2] as its solution. Then we have the oracle property for �β(A) .

3. Fisher consistency of the linear SVM

In this section, we consider the issue of the Fisher consistency of the linear SVM. Define β∗∗ = argminβ∈Rd+1 P(Yh(X;β) ≤
0). Then SVM is Fisher consistent over the space of linear hyperplanes if

P(Yh(X;β∗) ≤ 0) = P(Yh(X;β∗∗) ≤ 0).

Suppose that f and g are normal densities with means µ f , µg and covariances Σ f ,Σg, respectively. Assume that

π+ = π− = 1/2. If Σ f = Σg, then the decision boundary from the linear SVM induces the Bayes decision boundary.

So the linear SVM is Fisher consistent. However, when Σ f , Σg, the Bayes decision boundary is a quadratic function
and thus the linear SVM is not Fisher consistent. Even the Gaussian kernel SVM may not be Fisher consistent if the

function space spanned by the kernel is not sufficiently large to contain the Bayes rule. This issue seems to be closely

related with the approximation error of surrogate losses in large margin classifications.

It seems that the only way to establish the Fisher consistency of the linear SVM is to restrict the class of underlying

distributions as Steinwart and Scovel (2008) does to obtain the rates of convergence for the Gaussian kernel SVM. We

give a sufficient condition for the linear SVM to be Fisher consistent in Theorem 4. Finally, we provide numerical

illustrations via simulation studies.
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