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Abstract

Partial linear models are extensions of linear models to include a nonpara-
metric function of some covariates. They have become an important tool and
found to be useful in modelling cross-sectional data, as well as clustered or
longitudinal data. This paper provides a convenient means to extend Cook’s
local influence analysis to the penalized Gaussian likelihood estimator that uses
a smoothing spline as a solution to its nonparametric component. The role
of influence diagnostics based on the case deletion and subject deletion is also
investigated. For robustness, an extension of M -estimators in partial linear
models for independent observations to the case of longitudinal data is consid-
ered. The nonparametric function is approximated by a regression spline, and
any M -estimation algorithm for the usual linear models can then be used to ob-
tain consistent estimators of the model and valid large sample inferences about
the regression parameters without any specification of the error distribution and
the covariance structure.
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1. Introduction

In many biomedical and economic studies, individuals are often measured repeatedly

over a period of time. This type of data is often called longitudinal data, which

is a particular sort of clustered data. For easy exposition, we sometimes use the

terminology, longitudinal data, to represent clustered data in this paper. Consider

an experiment with m subjects and ni observations over time for the ith subject

(i = 1, . . . ,m) for a total of n =
∑m

i=1 ni observations. Let yij be the response and a

covariate vector Xij ∈ Rp be taken from the ith subject at time tij. We consider the

model

yij = XT
ijβ + f(tij) + εij, (1)

where β is a p-vector of regression coefficients, f is a smooth function, and εij are

random errors. We further assume that the observations, and therefore the εij, from

the different subjects are independent.

The above model has been studied by a number of authors under some addi-

tional assumptions or restrictions. If the nonparametric component f is known or not

present in the model, a vast amount of literature is available for the analysis of linear

models with repeated measurements under Gaussian errors. Liang and Zeger (1986)

introduced estimating equations for a wider class of distributions. The partial linear

model is especially useful for longitudinal data analysis as the level of a response of-

ten depends on time in a nonlinear fashion. Zeger and Diggle (1994) used a partial

linear mixed model to analyse the CD4 cell numbers in HIV seroconverters where f

is estimated by a kernel smoother. Moyeed and Diggle (1994) investigated the rate of

convergence for such estimators. Zhang et al. (1998) proposed a maximum penalised

Gaussian likelihood estimator in which the nonparametric fit over t is a smoothing

spline.

For generalized partial linear models (GPLM), Severini and Staniswalis (1994),

Härdle et al. (1998), and Müller (2001) have studied estimation and inference with
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independent data. Lin and Carroll had a series of papers on the choice of working

correlation for the analysis of clustered data. Lin and Carroll (2000, 2001a, b) found

that for kernel smoothing the best strategy is to use the working independence for

nonparametric GLM (when XTβ is not present), while for GPLM different working

matrices have to be taken depending on a subject-level or observation-level covariate.

Welsh et al. (2002) suggested that when using spline methods, it is better to account

for the correlation structure. In their study, they also found that spline methods

appear to be more efficient than kernel methods.

Influence diagnostics have become part of any serious statistical analysis. An

important approach for identifying influential observations based on case deletion was

proposed by Cook (1977) for linear regression models. Cook’s distance measures the

effect of removing one observation on a parameter estimate or a fitted value. An

influential point is flagged if its removal from the data set produces a significant

difference in the analysis. Today, Cook’s distance is widely used for linear models

and this has been helped by its inclusion in popular statistical software such as SAS

and SPSS. Cook’s distance has simple and clear interpretations from the case deletion

point of view, and it can be computed directly from the usual least squares output

without having to re-estimate the model for each observation removed.

In recent years, regression analysis has gone beyond the simple linear models for

independent data. We note three important directions. The first is the use of gener-

alized linear models, allowing for a flexible link function between the response and a

linear combination of the predictors. Diagnostic studies for generalized linear models

can be found in Williams (1987), Thomas and Cook (1989) Davison and Tsai (1992),

among others. Preisser and Qaqish (1996) extended the work to generalized estimat-

ing equations. The second direction is the availability of good smoothing methods

which allows for a nonparametric relationship to be estimated at least for some of the

predictors, as can be seen in Silverman (1985). Eubank (1984, 1985), Eubank and

Gunst (1986), Carmody (1988), Thomas (1991) and Kim (1996) investigated influence
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measures for splines. The third extension is the use of mixed models for correlated

data. For example, longitudinal studies of panel data that arise from a variety of

areas, including epidemiology, clinical trials and business and financial data analysis,

often turn to mixed models that can account for the correlation between observations

within the same subject. Several researchers have studied influence diagnostics for

linear mixed models. Beckman et al. (1987) and Lesaffre and Verbeke (1998) pro-

posed local influence measures. Christensen et al. (1992) and Banerjee and Frees

(1997) studied case deletion and subject deletion diagnostics respectively.

The present paper focuses on deletion and Cook’s (1986) local influence diagnostics

for the penalized Gaussian likelihood estimator as it is a well studied method of

estimation for such models. The penalized Gaussian likelihood for the model (1)

leads to a spline estimator for f , a desirable consequence of which is that the fitted

model is contained in a linear space, albeit the dimension of the space increases with

the sample size n. This linearization of the fitted function affords us the convenience

of applying deletion and local influence analysis to the partial linear model. The

influence on the nonparametric component will be measured on the fitted values.

As is well known in the robustness literature, estimation and inference based on

Gaussian assumption or least squares are highly sensitive to outliers in the data. The

undue influence of outliers and/or influential observations would be reduced when

a robust procedure is employed. Richardson (1997) discussed robust estimation of

mixed models. Most authors aim to achieve better efficiency by making use of a

parametric form for the covariance structure among the repeated measures from the

same subjects. When these parametric assumptions do not exactly hold, as is usually

the case in practice, the estimates of standard errors and any inference based on

them are not consistent. One of the purposes of the present paper is to show how a

simple M -estimator of the partial linear model can be used when no distributional or

dependence structure is assumed.
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2. Maximum penalized likelihood estimation for smoothing spline

We denote the subject-specific vectors by Yi = (yi1, . . . , yini
)T, Xi and εi, all defined

similarly. Let t0 = (t01, . . . , t
0
r)

T be the vector of ordered distinct values of the time

points tij (i = 1, . . . ,m, j = 1, . . . , ni), and let Ni be the ni × r incidence matrix for

the ith subject such that its (j, l)th element is equal to 1 if tij = t0l and 0 otherwise.

We let Y , X and ε denote the vectors obtained from stacking up the m subject-

specific vectors of the same symbol. For example, Y = (Y T
1 , . . . , Y T

m )T. Also, let

f = (f(t01), . . . , f(t0r))
T. The model (1) can then be written as

Y = Xβ + Nf + ε. (2)

The maximum penalized likelihood estimation makes the distributional assump-

tion that the error vector ε is normal(0, V ). We refer to Zhang et al. (1998) for

discussion about various covariance structure V . For our case, we have cov(Y ) = V =

diag(V1, . . . , Vm). Given V , the log-likelihood function of (β, f) is a constant plus

l(β, f ; Y ) = −1

2
log |V | − 1

2
(Y −Xβ −Nf)TV −1(Y −Xβ −Nf), (3)

and the maximum penalized likelihood estimators (MPLEs) of β and f(t) are given

by maximizing

l(β, f ; Y )− λ

2

∫
f ′′(t)2dt = l(β, f ; Y )− λ

2
fTKf, (4)

where λ is a smoothing parameter and K is the nonnegative definite smoothing matrix

given in equation (2.3) of Green and Silverman (1994). Zhang et al. (1998) gave details

of a Bayesian restricted maximum likelihood method to estimate V and λ together

with solving the MPLE problem (4). In Sections 2–4 of the present paper, following

Banerjee and Frees (1997), we take V and λ as known. In practice, estimates are

used; see Remark 1 of Fung et al. (2002).
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Since equation (4) is a quadratic function, it is easy to obtain the MPLE of (β, f):

β̂ = (XTWxX)−1XTWxY, (5)

f̂ = (NTWfN + λK)−1NTWfY, (6)

where

Wx = V −1 − V −1N(NTV −1N + λK)−1NTV −1

and

Wf = V −1 − V −1X(XTV −1X)−1XTV −1.

Calculations from (5)–(6) give the fitted values Ŷ = Xβ̂ + Nf̂ = H̄Y where H̄ is

given by

H̄ = (X N)C−1


 XT

NT


 V −1, and (7)

C =


 XTV −1X XTV −1N

NTV −1X NTV −1N + λK


 .

Notice that H̄ plays the role of leverage in linear models. This can also be seen from

the residuals

ẽ = Y −Xβ̂ −Nf̂ = (I − H̄)Y. (8)

Under our distributional assumptions on model (2), we have the Bayesian covariance

covB(θ̂) = C−1.

3. Deletion diagnostics

3.1 Estimates under case deletion

Let θ̂ be the estimate of θ = (β̂T, f̂T)T using the full data set, and θ̂(ij) = (β̂T
(ij), f̂

T
(ij))

T

be the estimate using the data without the (i, j)th observation. To compute θ̂(ij) for

6



all (i, j) and to compare them with θ̂ would be very time consuming when the total

sample size n is large. Fortunately, the following theorem gives an updating formula

under case deletion to avoid direct model estimation for each of the n cases. This result

is essential for our case deletion diagnostics conditional on (V, λ). For simplicity, we

count the observations in a natural way such that the (i, j)th observation is given a

case number c = n1 + · · · + ni−1 + j, and we let dc be the n× 1 vector with 1 at the

cth position and 0 elsewhere.

Theorem 3.1 Using the notation defined above, we have

β̂(ij) = β̂ − (XTWxX)−1XTWxdcd
T
c V −1ẽ

dT
c V −1(I − H̄)dc

, (9)

f̂(ij) = f̂ − (NTWfN + λK)−1NTWfdcd
T
c V −1ẽ

dT
c V −1(I − H̄)dc

. (10)

The proof of the theorem can be referred to Fung et al. (2002).

If the data are independent and the nonparametric component f is not present in

the model, equation (9) reduces to the well-known updating formula of Cook (1977)

for linear regression. It is also clear that the updating formula of Eubank and Gunst

(1986) for spline estimates and proposition 3 of Christensen et al. (1992) for linear

mixed models are special cases of Theorem 3.1 here.

3.2 Cook’s distance and DFIT

The (generalized) Cook’s distance can be defined as the standardized norm of θ̂− θ̂(ij),

i.e.

CDij(β, f) = (θ̂ − θ̂(ij))
TC(θ̂ − θ̂(ij)).

It follows from direct calculations, using Theorem 3.1, that

CDij(β, f) = dT
c V −1H̄dc

{
dT

c V −1ẽ

dT
c V −1(I − H̄)dc

}2

=
dT

c V −1H̄dc

dT
c V −1(I − H̄)dc

t2c , (11)
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where

tc =
dT

c V −1ẽ√{dT
c V −1(I − H̄)dc}

(12)

is the standardized adjusted residual for the cth case, where ‘adjusted’ refers to the

calculation of residuals adjusted for the correlation in the data.

We also consider Cook’s distance for the parametric component which can be

expressed as

CDij(β) =
dT

c WxX(XTWxX)−1XTWxdc

dT
c V −1(I − H̄)dc

t2c . (13)

We see that the partial influence of the cth case on β̂ comes from either a large tc

or a large leverage, where the leverage for the parametric component is given by the

diagonal elements of

Hβ = WxX(XTWxX)−1XTWx.

A similar expression for Cook’s distance can be defined for the nonparametric

component f , but we feel that because of the local nature of spline fitting it is more

appropriate to assess the influence of removing a single observation to the local neigh-

bourhood. The overall effect on a spline estimate at all points tends to be a deflated

measure and may mask the actual influence in a local neighbourhood. For this, we

evaluate the partial influence through

DFITij = |dT
c N(f̂(ij) − f̂)|/sij (14)

where s2
ij is the cth diagonal element of N(0, Ir)C

−1(0, Ir)
TNT.

3.3 Mean-shift outlier model and outlier test

Case deletion has been the basis for constructing effective diagnostic statistics. The

mean-shift outlier model is often used for testing whether a given observation is an

outlier to the model. For the (i, j)th case, we consider the outlier model as

Ykl = XT
klβ + f(tkl) + εkl, k 6= i, l 6= j,

Yij = XT
ijβ + f(tij) + γ + εij, (15)
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where γ is an extra parameter to indicate the presence of an outlier. An outlier test

can be formulated as a test of the null hypothesis that γ = 0. Let β̃ij, f̃ij and γ̃ij be

the MPLEs for the model (15). We have the following theorem.

Theorem 3.2 The MPLE of (β, f) under model (2) without the (i, j)the case is the

same as the estimate under model (15) with the full data set, i.e.

β̂(ij) = β̃ij and f̂(ij) = f̃ij.

The proof of the theorem can be referred to Fung et al. (2002). It is also to be

noted that the MPLE of γ is

γ̃ij = (dT
c V −1dc)

−1dT
c V −1(Y −Xβ̂(ij) −Nf̂(ij)) =

dT
c V −1ẽ

dT
c V −1(I − H̄)dc

,

whose Bayesian variance under the null model (2) is

varB(γ̃ij) =
1

dT
c V −1(I − H̄)dc

.

The standardized γ̃ij with the Bayesian variance has been shown (Fung et al., 2002)

to be equal to the standardized adjusted residual tc defined in equation (12) and can

be used to test whether the (i, j)th observation is outlying for the model (2). A plot

of tc may be used to screen outliers. A Bonferroni bound may be used to obtain a

conservative cut-off point to identify outliers.

Subject deletion diagnostics have been obtained, and we refer readers to Fung

et al. (2002).

4. Local influence for independent data as well as clustered data

4.1 Local influence for independent data

When the data are independent, V = I, and we can regard ni = 1 and n = m. In

this case, the penalized Gaussian likelihood estimate solves

L(θ) =
1

2

{
||Y −Xβ −Nf ||2 + λfTKf

}
= min . (16)
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Following Cook (1986), we consider a perturbation w whose exact nature will be

specified later. We assume that w = 0 corresponds to the original model and data.

Let θ̂w be the estimate of θ under perturbation. We view the absolute penalized log-

likelihood under perturbation as L(θ, w) so that L(θ, 0) is equal to L(θ) of (16) and

for each w, L(θ, w) is minimized at θ = θ̂w. Given any unit direction d in the space of

w, the normal curvature of the mapping from w to L(θ̂w) evaluated at w = 0 in the

direction of d is given by dTF̈ d, where

F̈ =
∂2L(θ̂w)

∂w∂wT
(17)

evaluated at w = 0 is called the influence matrix for θ. Since ∂L(θ̂w, w)/∂θ = 0, direct

calculations using the chain rule gives

F̈ = ∆TL̈−1∆ (18)

with ∆ = ∂2L(θ, w)/∂θ∂wT evaluated at θ = θ̂ and w = 0, and the middle term

L̈ = ∂2L(θ)/∂θ∂θT evaluated at θ = θ̂ can be viewed as minus 1 times the observed

penalized Fisher information. Cook (1986) showed that the eigenstructure of F̈ can

be useful for diagnostic purposes. The diagonal elements of F̈ measure the local

sensitivity to the log-likelihood by component-wise perturbations. For example, if the

perturbed response is Y + w, then a relatively large value of the 1st diagonal element

of the influence matrix indicates a relatively big impact of the first observation on θ̂.

4.2 MPLE with independent data

The MPLE with independent data can be expressed as

β̂ = {XT(I − S)X}−1XT(I − S)Y, f̂ = (NTN + λK)−1NT(Y −Xβ̂), (19)

where

S = N(NTN + λK)−1NT. (20)
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The matrix S characterizes the information loss for the parameter β when a nonpara-

metric component is included in the model. Direct calculations show that the fitted

values Ŷ = HY with

H = S + (I − S)X{XT(I − S)X}−1XT(I − S), (21)

which is a generalized hat matrix for partial linear models, see Wei et al. (1998). The

first part S is due to the nonparametric component of the model and the second part

is due to the linear component of the model after adjusting for the former. The two

matrices S and H play important roles in the local influence analysis.

4.3 Case weight perturbation for independent data

We first perturb the data by modifying the weight given to each case in the least

squares criterion. This is equivalent to perturbing the variance of εi in the model.

Cook (1986) argued that case weight perturbation generalizes the notion of case dele-

tion by allowing fractional addition and deletion. Given weights 1+wi to the ith case,

we have

2L(θ, w) =
n∑

i=1

(1 + wi)(yi − xT
i β − f(ti))

2 + λfTKf,

with w = (w1, . . . , wn)T ∈ Rn. Direct conclusions yield the following influence matrix

F̈w = ÊHÊ, (22)

where Ê = diag((I −H)Y ), the diagonal matrix of the residuals. We can also obtain

partial influence matrices for the parametric and nonparametric components as

F̈w(β) = Ê(H − S)Ê and F̈w(f) = Ê(H −X(XTX)−1XT)Ê. (23)

The influence matrix (22) is easy to compute, but like Cook’s distance under case

deletion, it depends on both the residuals and leverage.
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4.4 Perturbation of response for independent data

We now consider perturbation of the response variable so that Y is replaced by Y +w.

This leads, after some calculations, to a very simple influence matrix

F̈y = H (24)

and partial influence matrices F̈y(β) = H − S, F̈y(f) = H −X(XTX)−1XT.

It is not surprising that local influence under perturbation of the response cor-

responds to leverage. The partial influence here provides a key to understanding

marginal and conditional leverage in partial linear models. We can view H − S as

the leverage matrix for the estimate of β after adjusting for the estimate of f , and

H−X(XTX)−1XT as the leverage matrix for the estimate of f after adjusting for the

estimate of β. Similarly, we can view X(XTX)−1XT and S as the marginal leverage

matrices for the parametric and the nonparametric components. In a simple form, we

have

Joint leverage = Marginal leverage + Conditional leverage.

4.5 Local influence for clustered data

For clustered data, the penalized Gaussian likelihood estimate θ̂ minimizes

1

2

{
(Y −Xβ −Nf)TV −1(Y −Xβ −Nf) + log |V |+ λfTKf

}
,

Note that the penalized Gaussian likelihood estimate can be formulated as a solution

to (16) for the independent data case if we simply replace (X, N, Y ) by (V −1/2X,

V −1/2N , V −1/2Y ). As a result, the influence matrices given in Sections 4.2–4.4 remain

valid. This is quite unique for local influence as it does not apply to influence analysis

based on case deletion.

For clustered data, perturbation can also be considered at the subject level which

is sometimes more meaningful, see details in Zhu et al. (2003).
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5. M-estimation

We propose to approximate the nonparametric function f by a regression spline and

to estimate both the linear parameter β and the spline coefficients by an M -estimator.

The space of the splines is determined by the order of the polynomials and the

location of knots. Suppose that we are estimating the function f on the interval [0, 1].

Let 0 = s0 < s1 < . . . < sk = 1 be a partition of the interval. Using the si as

knots, we have M = k + l normalised B-spline basis functions of order l + 1 that

form a basis for the linear spline space. We write these basis functions into a vector

π(t) = (B1(t), . . . , BM(t))T. The readers are referred to Schumaker (1981, §4.3) and

He and Shi (1994) for more details about the constructions of those basis functions.

Let f(t) be approximated by π(t)Tα, where α ∈ RM is the spline coefficient vector.

This linearises our regression model so that our regression problem becomes

yij = (XT
ij , π(tij)

T)θ + εij, (25)

where θT = (βT, αT) is the combined parameter vector to be estimated, and the εij

are random errors.

We then consider an M -estimator of θ by minimising
m∑

i=1

ni∑
j=1

ρ{yij −XT
ijβ − π(tij)

Tα} (26)

for a suitably chosen loss function ρ.

Typical choices for ρ are convex and symmetric about 0. Two well-known cases

are least squares with ρ(r) = r2 and the least absolute deviation with ρ(r) = |r|. For

robustness considerations, we prefer to choose a ρ function with a bounded derivative;

see Huber (1981) and Hampel et al. (1986) for more details about the robustness of

M -estimators.

Assume that ρ is differentiable everywhere except possibly at finitely many points.

Let ψ(r) = ρ′(r) be the derivative of ρ, wherever it exists. An algorithm that does not
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make use of the derivative of ψ is the following reweighted least squares algorithm.

Let θ(s) be the parameter value at the sth iteration. Let rij = yij − ZT
ijθ

(s) and

wij = ψ(rij)/rij, where ZT
ij = (XT

ij , π(tij)
T). Then the next iteration gives

θ(s+1) =

(
m∑

i=1

ni∑
j=1

wijZijZ
T
ij

)−1 m∑
i=1

ni∑
j=1

wijyij.

The reweighted least squares algorithm usually converges quickly but it requires

ψ(r)/r to be well defined for r = 0. A generalisation, discussed in Hunter and Lange

(2000), can be used for solving (26) when ρ is not differentiable everywhere. The least

absolute deviation regression can be solved efficiently through linear programming.

Both S-Plus and Stata software include functions that compute the least absolute

deviation estimates.

In this paper, we use cubic splines with l = 3. A remaining question is the choice

of knots for the space of B-splines. We use knots that are quantiles of the observed

tij’s with uniform percentile ranks. The number of knots k, or equivalently M , is

determined by a model selection criterion:

BIC(M) = log

{
m∑

i=1

ni∑
j=1

ρ(yij − ZT
ij θ̂N)

}
+

log n

2n
(M + p), (27)

see Schwarz (1978), and He et al. (2002) for more details on knot selection.

5.1 Asymptotic results

Before we state the main asymptotic results, we introduce some notations first. Let

εi = (εi1, . . . , εini
)T, ψ(εi) = (ψ(εi1), . . . , ψ(εini

))T and Eψ(εi)ψ
T(εi) = Ai. We define

positive numbers {bij} such that supi,j |Eψ(εij + s) − bijs| = O(s2), as s → 0. One

complicating issue for the semiparametric model comes from the dependence between

Xij and tij. To this end, we let Xij = (xij1, . . . , xijp)
T and assume the relationship

xijk = gk(tij) + δijk (1 ≤ i ≤ m, 1 ≤ j ≤ ni, 1 ≤ k ≤ p), where the gk(t) are

functions whose rth derivatives are bounded, and δijk are zero-mean random variables,
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independent of εij and of one another. Let ∆n be the n× p matrix whose sth column

is δs = (δ11s, . . . , δ1n1s, · · · , δmnms)
T, and let Bn = diag(b11, . . . , b1n1 , . . . , bmnm), Λn =

diag(A1, . . . , Am) be n× n diagonal matrices. We require that n−1∆T
nΛn∆n → S and

n−1∆T
nBn∆n → K in probability for some positive definite matrices S and K.

Theorem 5.1 Under some regularity conditions and if the number of knots k = kn →
∞ but k/n → 0, then β̂ − β → 0 as n →∞. Furthermore, if k l n1/(2r+1), then

1

n

m∑
i=1

ni∑
j=1

{f̂(tij)− f(tij)}2 = Op(n
−2r/(2r+1)), (28)

√
n(β̂ − β) → N(0, K−1SK−1). (29)

Here we use an l bn to mean that an and bn are of the same order as n → ∞.

The proof can be referred to He et al. (2002). Under some smoothness assumption,

(28) has the optimal rate of convergence for estimating f . The asymptotic normality

(29) of β̂ is useful for making large-sample inference on β. To do so, we must find a

consistent estimator of the variance-covariance matrix K−1SK−1.

Let X = (X11, . . . , X1n1 , . . . , Xmnm)T be the n by p design matrix for the linear

component. Also let πi = (π(ti1), . . . , π(tini
))T, W = (πT

1 , . . . , πT
m)T,

P = W (WTW )−1WT, X∗ = (I − P )X.

The rows of X∗, just like those of X, can be divided into m blocks corresponding to

m subjects, so we have X∗ = (X∗T
1 , · · · , X∗T

m )T. Now we define

Ŝn =
1

n

m∑
i=1

X∗
i

Tψ(ε̂i)ψ
T(ε̂i)X

∗
i , K̂n =

1

n

m∑
i=1

X∗
i

Tdiag{ψ̇(ε̂i)}X∗
i , (30)

where ε̂i = (ε̂i1, · · · , ε̂ini
), ε̂ij = yij − XT

ij β̂ − π(tij)
Tα̂, and ψ̇ is the derivative of ψ

if it exists. The notation turns a vector into a diagonal matrix in (30). We can

show that Ŝn → S and K̂n → K in probability, and can use Ŝn and K̂n to estimate

the asymptotic variance-covariance matrix of β̂. These results show that we can

consistently estimate the asymptotic variance-covariance matrix of β̂ even though the

correlation structure may vary with subject and is not estimable.
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6. Numerical example

Besides illustrative examples and simulation studies provided by Fung et al. (2002),

He et al. (2002), and Zhu et al. (2003), here we consider an example of longitudinal

data previously analysed by Jones and Boadi-Boateng (1991). The whole data set

consists of a total of 619 subjects with 1585 measurements of the reciprocal of serum

creatinine (SCRI). Observations were taken at arbitrary times from each subject, and

the number of observations per subject ranged from 1 to 22. Only 382 measurements

for the patients without hereditary kidney disease are selected for illustration. The

explanatory variables are ht (ht = 1 or 0 for with or without hypertension) and

patient’s age. The following partial linear model is considered

SCRIij = htiβ + f(ageij) + εij.

A mixed effect model is taken with εij = zT
ijbi + eij, where zij = (1, ageij)

T, bi =

(bi1, bi2)
T are random coefficients distributed as N(0, D) where D is an 2×2 covariance

matrix and eij is independently distributed as N(0, σ2).

We fit a smoothing spline for the nonlinear function f . Case deletion diagnostics

are obtained as described in Section 3. Figures 1(a), (b), (c) give the index plots for

the Cook’s distances CDij(β) for β, the DFIT measure, and the squared standardized

adjusted residuals. Cases 368 and 140 have the highest influence on the estimates of

β; see Figure 1(a). A closer look at the data shows that they correspond to the largest

and the second largest SCRI values. However, typical for data sets of this size, the

CDij(β) in Figure 1(a) are quite small in magnitude, indicating a small effect on the

estimates of β by any single observation.

Figure 1(b) shows that cases 298 and 140 have the highest and second highest

influence, respectively, on the nonparametric fit which is local in nature. Case 298

is associated with an unusually low (second lowest) SCRI value of a very old person

(second oldest).

16



0 50 100 150 200 250 300 350 400
0

0.02

0.04

0.06

(a)

C
D

(β
)

0 50 100 150 200 250 300 350 400
0

0.2

0.4

0.6

0.8

(b)

D
F

IT

0 50 100 150 200 250 300 350 400
0

7

14

21

(c)
Case Number

t2 c

140 368 

140 298 

97 

Figure 1: Case deletion diagnostic: (a) Cook’s distance for the estimate of β; (b)

DFIT for the estimate of f ; (c) squared standardized adjusted residuals t2c for outlier

detection: · · · · ·, Bonferroni bound
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The squared standardized adjusted residuals are shown in Figure 1(c). Only one

observation, case 97, is found to be a clear outlier, on the basis of the conservative

bound 14.64. This corresponds to a middle aged hypertension person having the

highest SCRI value.

Subject deletion and local influence diagnostics are also constructed. They are

omitted here for brevity.

Estimates are obtained for β based on the procedure of Section 5, without the

specification of the covariance structure. With the number of knots being 4, the L1

and L2 estimates for β are given as −0.204 and −0.193, with standard errors of 0.041

and 0.036, respectively. The estimates are consistent to each other, and it is probably

because there is only one outlying case in the data set.

7. Concluding remarks

In this paper, we consider the partial linear model for clustered data, and review

statistical diagnostics based on the case deletion, subject deletion and local influence

approaches, as well as robust estimation methods. One limitation of the chosen model

is that the response is taken as continuous. We are working on extending the estima-

tion procedure to discrete data. The generalized estimating equation (GEE) approach

has been used intensively for the analysis of clustered data which can be continuous as

well as discrete. The usual GEE is related to minimization of a quadratic form of the

residuals, and as a result is sensitive to outliers and leverage points in the data set.

Robust methods will be developed as useful alternatives that can safeguard against

excessive influence of outlying cases and outlying subjects.
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