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ABSTRACT

The primary interest of drug development studies is identifying the lowest 

dose level producing a desirable effect over that of the zero-dose control, which is 

referred as the minimum effective dose (MED). In this paper, we suggest a 

nonparametric procedure for identifying the MED with binary or ordered 

categorical response data. Proposed test and Williams' test are compared by Monte 

Carlo simulation study and discussed.

 KEY WORDS : Binary response; Minimum effective dose (MED); Nonparametric test; 

Monte Carlo study.

                 

1.  Introduction

In exploration of dose-response relationships, focus of toxicological and drug 

development studies is different. While the main interest of toxicological studies is the 

safety of the toxin under consideration, the primary concern of drug development studies is 

identifying the lowest dose level producing a desirable effect over that of the zero-dose 

control, which is commonly referred as the minimum effective dose (MED : Ruberg, 1989).  

   Test procedures for identifying the MED have been proposed by several authors for 

continuous response variables. For instance, Williams (1971, 1972) designed a test procedure 

for comparing dose treatments with a zero-dose control concerning a normally distributed 

response. The test procedure uses a statistic based on isotonic regression estimates of the 

sample means for a monotonic dose-response relationship. Shirley (1977) suggested a 

nonparametric version of Williams' test. Moreover, Williams (1986) proposed a more 

powerful test by reranking the observations at each stage of Shirley's test procedure. 

However, it is observed frequently response variables are measured with a set of binary 

or ordered categories. When responses are binary, Williams (1988) considered the elementary 

statistical problem of testing for differences between a set of probabilities. For i=0,1,…,k, 

let Yi  be independently distributed random variables, each with a binomial distribution 

B(ni,θ i), where θ i  is the probability of success in the ith treatment. Williams compared 
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k+1  dose groups by testing H 0 :θ0=θ1=…=θ k   versus H 1 :θ0≤θ1≤…≤θ k.

In this study we propose a nonparametric closed testing procedure for identifying the 

MED with binary responses. The test procedure is employed the step-down closed testing 

scheme proposed by Tamhane et al. (1996) and is used the Mann-Whitney statistic similar 

to Chen's (1999) test.  

In section 2, we propose how to construct a test for binary responses. We present the 

Monte Carlo study results to compare the proposed test with Williams' test for binary 

responses in section 3. The final section contains some conclusion and remark.     

2.  The propose test 

Chen (1999) proposed a test procedure for identifying the MED with continuos response. 

The test is usesd the Mann-Whitney statistic and the step-down closed testing scheme 

suggested by Tamhane et al. (1996). The closed testing scheme  strongly controls the 

familywise error rate (FWE), which is the proportion that at least one true Hi,0  is rejected. 

Appling this test we propose a nonparametric procedure for identifying the MED with 

binary or ordered categorical responses.   

Let k  denote the number of treatments with the exception of a control, and let c  

denote the number of categories of the response variable, which is denoted by Y. Let x ij  

( i=0,1,…,k, j=1,2,…,c) denote the number of individuals in the ith treatment group 

whose response falls in the jth  category. Let ni= ∑
c

j=1
x ij  denote the number of subjects in 

that group, and Ni= ∑
i

l=0
nl , i=1,2,…,k. We treat the counts in separate rows as 

independent multinomial samples (when c=2, binomial samples). We arrange the k  

treatment groups from the lowest to the highest dose group, and the response categories 

from the least favourable to the most favourable. Note that a test for binary responses can 

be viewed as a special case of the c  is 2. Therefore this test be used when responses are 

involved in a set of binary or ordered categories. Let Yi  denote a response at dose i  with 

Fij=P(Yi≤j) . The hypothesis for identifying the MED is as follows : 

Hi,0 :F 0j = F 1j = … =Fij,  

Hi,1 :F 0j = F 1j = … =Fi-1j  >Fij,   for all j

The two-sample statistic comparing the ith dose group with the combined groups of all 

lower dose levels is

Ti=x i1 (
1
2
s i1)+x i2 (s i1+

1
2
s i2)+…+x ij (s i1+s i2+…+

1
2
s ij)

+…+x ic (s i1+s i2+…+
1
2
s ic),

 

where i=1,2,…,k ; j=1,…,c ; s ij= ∑
i-1

l=0
x lj  . 
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And then, let 

Ti
*
=
[Ti-μ(Ti )]

σ
2
(Ti )

 ,   i=1,2,…,k,

where μ(Ti )=
ni Ni-1
2

 and σ2(Ti )=
ni Ni-1(Ni+1)

12
-
ni Ni-1 ∑

c

j=1
( t j

3-t j)

12Ni (Ni-1)
.

The statistics T *1, T
*
2,…, T

*
k
 are asymptotically independent and identically distributed 

standard normal. We describe Chen's test procedure applying step-down closed testing 

scheme proposed by Tamhane et al. (1996) as follows : 

[step 1] Let k 1=k  and find T
*
(k 1 )
 . T * (k 1 )  is the maximum of T

*
1, T

*
2,…, T

*
k 1
 . 

P { T
*
(k 1 )≤z(α)∣H k 1 ,0 }= [P { T

*
1≤z(α)∣H k 1 ,0

 }]
k 1 ≈ (1-α)

k 1, where z(α)  is the upper αth 

percentile of the standard normal distribution. Let α(k 1)=1-(1-α)
1
k 1 . Define d(k 1)  to be 

the antirank of T * (k 1 ), i. e., T
*
(k 1 )
= T * d(k 1). If T

*
(k 1 )
≥z(α(k 1)), reject Hj,0, j=d(k 1),…,k 1, 

and go to the second step with k 2=d(k 1)-1; otherwise, stop testing and declare no dose 

level as the MED. 

⋯

[step i] Let k i=d(k i-1)-1   and α(k i)=1-(1-α)
1
k i . Let d(k i)  be the antirank of T

*
(k i)
 

which is T * (k i )  the maximum of T
*
1, T

*
2,…, T

*
k i
 . If T * (k i )  or T

*
d(k i)
≥z(α(k i)), then reject 

Hj,0, j=d(k i),…,k i  and go to the (i+1)th step; otherwise, stop testing and declare MED=

d(k i)-1. 

⋯

[step k] When testing stops, estimate as the MED=1; otherwise MED=2.  

3.  Simulation 

3.1 Design of the simulation study

We compare powers of two procedures, Williams's test and the proposed test. Empirical 

FWE and powers were considered for comparing two procedures, defined as follows :

FWE=
{number of rejecting true H i,0}

replications

Power=
{number of MED= MEDˆ}replications

.
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This simulation was conducted for k=3 and 5 treatments with a zero dose control, with 

n 0=n 1=…=nk=n=10, 20, 30, 50 and 70 observations per sample in case. In each case, we 

used 10,000 replications in obtaining the various power estimates and employed the 5% 

significant level. In order to obtain data for the simulation study, appropriate binomial were 

derived by using the SAS routines RANBIN.

3.2 Simulation results

In the simulation results for powers, they are different as the configurations of the 

treatment effects; step-type, linear-type and umbrella patterned configurations. Here, we 

describe only the case of k=3 treatments with a control because simulation results are 

similar to the case of k=5. First, for step-type ordered configurations, note that the 

proposed test always has higher power than Williams test when observations per sample in 

each case are 10. When observations per sample in each case are over 30, the power of the 

proposed test is first to Williams test except for the case with MED=1. Second, we 

consider linear-type ordered configurations. As compared with Williams test, the power of 

the proposed test has a high value for MED=2 and it is constantly large with n=10. Under 

the this type configuration, however, no powers of two procedures are superior. Third, the 

proposed test has excellent power when it is large that the treatment effect difference 

between a control and the treatment with MED for umbrella patterned configurations. On 

the other hand, Williams test has high power in the case that the treatment effect 

difference between p and p+1 is large, where p is the peak of the umbrella.  

Generally the FWE of proposed test controls well. In the cases of k=3, the FWE of two 

procedures is low (< 0.01) for n=10 and MED=2. However, the FWE for MED=4 and 5 has 

high values (> 0.06) in the cases of k=5.

Table 1. Estimated power and FWE3) 

for α=.05, k=3, step-type response function

 

True Power FWE

θ 0 θ 1 θ 2 θ 3 MED WILM PROT WILM PROT

10 0.1 0.4 0.4 0.4 1 0.2486 0.3043 - -

0.1 0.1 0.4 0.4 2 0.3246 0.4289 0.0142 0.0073 

0.1 0.1 0.1 0.4 3 0.4823 0.5217 0.0200 0.0298 

30 0.1 0.4 0.4 0.4 1 0.8156 0.7968 - -

0.1 0.1 0.4 0.4 2 0.7955 0.8551 0.0549 0.0487 

0.1 0.1 0.1 0.4 3 0.8593 0.8750 0.0415 0.0490 

50 0.1 0.4 0.4 0.4 1 0.9666 0.9550 - -

0.1 0.1 0.4 0.4 2 0.9227 0.9382 0.0508 0.0503 

0.1 0.1 0.1 0.4 3 0.9352 0.9405 0.0486 0.0513 

Average power 0.7450 0.7733 

WILM : Williams' test,  PROT : proposed test

3) For MED=1, the FWE entry equals .0000 for all procedures, and is hence omitted.
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Table 2. Estimated power and FWE 

for α=.05, k=3, linear-type response function

True Power FWE

n θ 0 θ 1 θ 2 θ 3 MED WILM PROT WILM PROT

10 0.1 0.2 0.3 0.4 1 0.0406 0.2166 - -

0.1 0.1 0.3 0.4 2 0.2020 0.2447 0.0064 0.0052 

30 0.1 0.2 0.3 0.4 1 0.2470 0.2197 - -

0.1 0.1 0.3 0.4 2 0.5644 0.6220 0.0502 0.0437 

50 0.1 0.2 0.3 0.4 1 0.3876 0.3506 - -

0.1 0.1 0.3 0.4 2 0.7726 0.8225 0.0506 0.0434 

Average power 0.4172 0.4429 

Table 3. Estimated power and FWE 

for α=.05, k=3, umbrella patterned response function

True Power FWE

n θ 0 θ 1 θ 2 θ 3 MED WILM PROT WILM PROT

10 0.1 0.3 0.4 0.3 1 0.1091 0.1550 - -

0.1 0.3 0.4 0.1 1 0.0247 0.1559 - -

0.1 0.1 0.4 0.3 2 0.2459 0.4204 0.0093 0.0080 

0.1 0.1 0.4 0.1 2 0.0803 0.4220 0.0027 0.0064 

30 0.1 0.3 0.4 0.3 1 0.5389 0.5435 - -

0.1 0.3 0.4 0.1 1 0.2668 0.5410 - -

0.1 0.1 0.4 0.3 2 0.7119 0.8416 0.0510 0.0514 

0.1 0.1 0.4 0.1 2 0.3246 0.8387 0.0467 0.0509 

50 0.1 0.3 0.4 0.3 1 0.7945 0.7835 - -

0.1 0.3 0.4 0.1 1 0.5046 0.7830 - -

0.1 0.1 0.4 0.3 2 0.8931 0.9355 0.0512 0.0500 

0.1 0.1 0.4 0.1 2 0.5416 0.9381 0.0505 0.0480 

Average power 0.4851 0.6594 

4. Discussion

We comment the problem of the FWE. Contrary to our expectations, the FWE for 

Williams' test and the proposed test are not entirely controled. We guess that the reason is 

caused by normal approximation. Typically, the normal approximation is not as close in the 

presence of ties as it is for the same group sizes without ties. Hence we are in need of 

studies for a better approximation to the null distribution than the normal approximation. 

This problem is leaved for future study. 

In conclusion, the proposed test for binary or ordered categorical responses has several 

important advantages. First, the proposed test involves only the two-sample Mann-Whitney 

statistics, which are very easy to compute in terms of the established nonparametric 

procedures. Second, this test has an appreciable power performance compared to Williams' 

test. Finally, the proposed test could be extended to take into account ordered categorical 

responses.
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