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Abstract

For the data from multivariate Poisson distribution, we consider two problems. First,
bootstrap methods for the estimation of simultaneous confidence level and its standard
error of a collection of the dependent marginal confidence intervals with level 1 − α are
presented. Secondly, given a confidence level 1 − α, construction of simultaneous con-
fidence intervals for the marginal means is considered. Bootstrap method is used and
compared with the existing ones including Bonferroni method and Sidak method. It is
demonstrated both Bonferroni and Sidak simultaneous confidence intervals are grossly
conservative in certain instances because of their failure to account for dependence struc-
ture.
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1. Introduction

The statistical simultaneous inferences of the various multivariate distribution are described
in Hochberg(1988), Holland and Copenhaver(1987), and SAS MULTTEST procedure man-
ual(1998). Westfall(1985) proposed a technique based on bootstrap for assessing the simulta-
neous confidence level of k possibly dependent confidence intervals for multivariate Bernoulli
marginal proportions. The bootstrap method for the statistical inference is computationally
expensive but appealing in that the correlations and the distributional characteristics are
incorporated into the adjustments.

In this paper, when observable data may be modeled as having come from multivariate
Poisson distributions, we apply the Westfall(1985)’s idea to estimate the simultaneous con-
fidence level. Standard error of the estimator of the confidence level is also estimated by
using the bootstrap-bootstrap method. Furthermore, a bootstrap method for constructing
the simultaneous confidence intervals for the marginal Poisson means is presented. For the
construction of simultaneous confidence intervals, Bonferroni method and Sidak method have
also been widely used due to their generality. They are computationally quick but can be
too conservative in the sense that their confidence level is larger than the nominal one. The
bootstrap method is compared with the existing Bonferroni method and Sidak method. It is
demonstrated by using a simulation study that the bootstrap method has some advantages
in constructing simultaneous confidence intervals for the means of the marginal distributions.
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2. Simultaneous confidence levels

2.1 Estimating the simultaneous confidence levels

Let X1, · · · , Xn denote independent and identically distributed multivariate Poisson vec-
tors of dimension k where Xi = (Xi1, · · · , Xik) and Xij ∼ Poisson(λj) for j = 1, · · · , k.
Define the notation Xi ∼ MV Pk(Λ, D) where Λ = (λ1, · · · , λk) and D denote mean vector
and dependence structure respectively.

There exist several methods for the construction of the confidence interval for Poisson mean
vector Λ = (λ1, · · · , λk) (See Sahai, H. and Khurshid, A.(1993)). However, in this paper, we
restrict our attention to two most widely used ones. Let λ̂j be the maximum likelihood
estimate of the mean λj , j = 1, · · · , k. When sample size n is large, large-sample marginal
confidence intervals for λj with 1− α confidence level can be obtained as

IL
α (X : λj) = [λ̂j − Z(α/2)

√
λ̂j/n, λ̂j + Z(α/2)

√
λ̂j/n] (2.1)

where X = (X1, · · · , Xn) and Z(α) is the 100(1 − α)th percentile of the standard normal
distribution. Exact confidence interval is given by

IE
α (X : λj) = [

1
2n

χ2
2(sj+1),α/2,

1
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χ2
2(sj+1),1−α/2] (2.2)

where χ2
b,α is the 100(1 − α)th percentile of the chi-squared distribution with b degree of

freedom and sj =
∑n

i=1 xij .
Suppose that we are interested in simultaneous confidence level of a collection of confidence

intervals Iα(X : λj) with level 1 − α for each parameter λj , j = 1, · · · , k. In this case, the
goal is to estimate

πα = P [λj ∈ Iα(X : λj), ∀j = 1, · · · , k]. (2.3)

The exact simultaneous probability πα is determined by the underlying multivariate Poisson
distribution, and it can be obtained in analogous fashion to the case of Westfall(1985).

Let X∗
1, X

∗
2, · · · , X∗

n be the bootstrap samples that put mass 1/n on each of the ob-
served vectors X1, X2, · · · , Xn. Thus the X∗

1,X
∗
2, · · · ,X∗

n are independently distributes as
MV Pk(Λ̂, D̂), where Λ̂ and D̂ are the empirical probability measure of the observed samples.
In the bootstrap samples, the complex dependence structure or other physical constraints are
preserved. Therefore, the bootstrap estimate of πα is then computed as

π∗α = P [λ̂j ∈ Iα(X∗ : λj), ∀j = 1, · · · , k] (2.4)

where X∗ = (X∗
1,X

∗
2, · · · , X∗

n).
The following algorithm summarizes the necessary steps for obtaining the bootstrap simul-

taneous confidence probability π∗α.

Step 1 : For a given sample X1, X2, · · · , Xn, compute the confidence intervals Iα(X : λj)
for j = 1, · · · , k.

Step 2 : Generate a bootstrap sample X∗
1, X

∗
2, · · · , X∗

n from a MV Pk(λ̂, D̂) and compute
the confidence intervals Iα(X∗ : λj) for j = 1, · · · , k.

Step 3 : Repeat the step 2 independently many, say B times, and compute the proportion
of times all intervals contains λ̂j , simultaneously for j = 1, · · · , k, for the bootstrap
approximation of π∗α.



2.2 The bias and standard error

In this section, the standard error and bias of the estimates of simultaneous confidence
level are considered. The standard error can be used to bound the true resample-based
simultaneous confidence probability. We may use the following algorithm.

Step 1 : For a given sample X1, X2, · · · , Xn, generate a bootstrap sample X∗
1, X∗

2, · · · , X∗
n

from a MV Pk(λ̂, D̂).

Step 2 : For each bootstrap sample X∗
1,X

∗
2, · · · , X∗

n obtained in Step 1, generate a bootstrap-
bootstrap sample X∗∗

1 , X∗∗
2 , · · · , X∗∗

n from a MV Pk(λ̂∗, D̂∗) where λ̂∗ and D̂∗ are the
empirical probability measure of the bootstrap sample, and compute the confidence
intervals Iα(X∗∗ : λ̂j) for j = 1, · · · , k.

Step 3 : Repeat the step 2 independently say B1 times, and compute the proportion of
times all confidence intervals Iα(X∗∗ : λ̂j) contain λ̂j , j = 1, · · · , k, for the bootstrap
approximation of π∗∗α for the bootstrap sample in Step 1.

Step 4 : Repeat the step 1 thru 3 independently say B2 times, to get the collection of
π∗∗α (b), b = 1, · · · , B2.

Then, bootstrap estimate of the standard error and bias are given by

ŝeπ∗ = [
B2∑

b=1

(π∗∗α (b)− π̄∗∗α )2/(B2 − 1)]1/2, bias = π̄∗∗α − π∗α (2.5)

where, π̄∗∗α =
∑B2

i=1 π∗∗α (b)/B2.

2.3 Example

As an illustration, we present analysis of data arising from automobile accidents in 5 big
cities in Korea for the period of 1977-2002. The data are given in Table 1 briefly. The whole
data is listed in web site http://www.nso.go.kr/eng/searchable/ kosis-list.shtml.

Table 1. Number of killed persons per 100,000 persons from automobile accidents
City

Year Seoul Busan Daegu Incheon Gwangju
1977 11 14 10 18 11
1978 12 14 12 19 11
...

2001 5 8 11 9 11
2002 5 9 9 7 11

Estimated
parameters 9.89 11.08 13.96 14.19 14.54

By using (2.2), we can compute marginal exact confidence intervals for the means of the
variables. The numbers of death caused by automobile accidents in the 5 cities have some
dependence structures and we can apply the bootstrap method to incorporate the dependence
structures for statistical inference. For the collection of the marginal confidence intervals
for the 5 cities we can estimate the simultaneous confidence level as in (2.4) by using the
bootstrap and standard error and bias of the estimator by using the bootstrap-bootstrap.
B1 = B2 = 1000 are used for the bootstrap methods. The results are given in Table 2.



Table 2. Marginal confidence intervals and simultaneous confidence level
marginal confidence level

City 0.90 0.95 0.99
Seoul ( 8.89 10.96) ( 8.71 11.17) ( 8.37 11.59)
Busan (10.03 12.21) ( 9.83 12.43) ( 9.47 12.87)
Daegu (12.78 15.23) (12.56 15.47) (12.15 15.96)
Incheon (13.00 15.47) (12.78 15.72) (12.36 16.21)
Gwangju (13.33 15.83) (13.11 16.08) (12.68 16.58)

π∗α .753 .864 .972
ŝeπ∗ .044 .035 .017

π̄∗∗α − π∗α .002 .009 -.008

3. Simultaneous confidence intervals

3.1 Existing simultaneous confidence intervals

Bonferroni simultaneous confidence intervals for λj , j = 1, · · · , k with level 1− α are

IBonferroni
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]
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While, Sidak simultaneous confidence intervals with 1− α confidence level take the form
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If positive dependence can be assumed(e.g. Holland and Copenhaver; 1987), Sidak method
may be less conservative than Bonferroni method. These techniques are simple functions
of the marginal confidence levels. They are computationally quick and easy; however, these
methods lack utility in that they fail to account for the discreteness and dependence structures
of multivariate Poisson data.

3.2 Bootstrap simultaneous confidence intervals

We apply the bootstrap method to construct simultaneous confidence intervals for the k
component of multivariate Poisson random vector Λ = (λ1, · · · , λk). Consider a quantity

B(k) = max

[
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sd(λ̂1)

,
|λ̂2 − λ2|
sd(λ̂2)

, · · · ,
|λ̂k − λk|
sd(λ̂k)

]

and as an estimator of the sampling distribution of B(k), use the bootstrap distribution of

B∗
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[
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,
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,

where sd(λ̂∗j ) =
√

λ̂∗j/n. Using the bootstrap estimator B∗
(k) of the sampling distributions of

B(k), 100(1− α)% simultaneous confidence intervals for λ̂j , j = 1, · · · , k are obtained as

IBootstrap
α (X : λj) = [λ̂j −Q(1−α)sd(λ̂j), λ̂j + Q(1−α)sd(λ̂j)] ∀j = 1, · · · , k (3.3)

where Q(1−α) is the 100(1− α)th percentile of the bootstrap distribution of B∗
(k).



Table 3. Estimated coverage probabilities for the simultaneous confidence intervals (BF:
Bonferroni, SD: Sidak, BT: bootstrap)

ρ = 0.0 ρ = 0.25 ρ = 0.50 ρ = 0.75
n 1− α BF SD BT BF SD BT BF SD BT BF SD BT
30 0.90 .928 .928 .920 .936 .936 .918 .929 .929 .922 .952 .951 .920

0.95 .962 .961 .954 .970 .970 .960 .966 .966 .962 .967 .967 .965
0.99 .994 .994 .979 .993 .993 .982 .993 .993 .985 .995 .995 .991

50 0.90 .926 .925 .899 .929 .926 .905 .945 .944 .927 .946 .945 .916
0.95 .963 .963 .954 .961 .960 .950 .963 .963 .963 .976 .976 .962
0.99 .993 .993 .982 .990 .990 .987 .991 .991 .992 .993 .993 .990

100 0.90 .928 .928 .911 .918 .917 .904 .932 .929 .903 .949 .948 .909
0.95 .962 .961 .948 .962 .962 .957 .968 .968 .960 .978 .976 .958
0.99 .992 .992 .983 .991 .991 .988 .994 .994 .991 .995 .995 .993

3.3 Simulation study

In this section, performance of the proposed bootstrap simultaneous confidence intervals
for the marginal Poisson means are compared with those of the other existing ones by using
a simulation study. Samples were drawn from a MV Pk(Λ, D) distribution where k = 5
and α = 0.01, 0.05, and 0.10. We considered four equally correlated cases : ρ = 0.00,
ρ = 0.25 , ρ = 0.50, and ρ = 0.75 for sample size n = 30, n = 50, and n = 100. Bootstrap
confidence intervals were constructed from B=2000 bootstrap replications. For each sample,
simultaneous confidence intervals (3.1), (3.2) and (3.3) were checked if they contain λ1, · · · , λ5.
This was repeated 1000 times independently in order to get an estimate of the coverage
probability. Table 3 shows the estimated coverage probabilities for Bonferroni, Sidak and
bootstrap simultaneous confidence intervals for various dependence structures.

Some results can be drawn from the simulation results. First, both Bonferroni and Sidak’s
simultaneous intervals have larger estimated coverage probability than the nominal one. In-
creasing sample size does not help the overestimation problem of both Bonferroni method and
Sidak method. Secondly, note that the Bonferroni and Sidak simultaneous confidence levels
are affected by the dependence structure severely. By contrast, the bootstrap simultaneous
confidence levels yield surprisingly close the nominal confidence levels even under the strong
concordance correlation. Thirdly, the bootstrap method is more accurate, at least in terms
of coverage probability, then the existing ones. Note that the bootstrap intervals exhibit
stability, when n ≥ 30.

3.4 Example

We used the real data in section 2.3 to construct simultaneous confidence intervals (3.1),
(3.2), and (3.3) for the means of the variables. Furthermore, by using (2.4) we estimated
simultaneous confidence level to compare the performance of the three methods. The results
are given in Table 4 and Table 5. From Table 4, we found that Bonferroni method and Sidak
method give similar results. Bootstrap confidence intervals are symmetric to the estimate
of the mean, while both Bonferroni intervals and Sidak intervals are not since they use chi-
squared distribution. From Table 5, we found that both Bonferroni method and Sidak method
are pretty conservative. For example, when nominal simultaneous confidence level is 1−α =
0.95, estimated level of Bonferroni intervals is 0.972 and that of Sidak intervals is 0.969.
However, that of bootstrap simultaneous confidence intervals is 0.953, which is close to 0.95.



Table 4. Simultaneous confidence intervals for the KNSO data in section 2.3

City
1− α method Seoul Busan Daegu Incheon Gwangju
0.90 Bonferroni ( 8.51 11.42) ( 9.62 12.70) (12.31 15.76) (12.53 16.01) (12.86 16.38)

Sidak ( 8.51 11.41) ( 9.62 12.69) (12.32 15.76) (12.54 16.00) (12.86 16.37)
Bootstrap ( 8.48 11.28) ( 9.59 12.56) (12.30 15.62) (12.51 15.87) (12.84 16.24)

0.95 Bonferroni ( 8.37 11.59) ( 9.47 12.87) (12.15 15.96) (12.36 16.21) (12.68 16.58)
Sidak ( 8.37 11.58) ( 9.47 12.87) (12.15 15.96) (12.36 16.21) (12.69 16.58)
Bootstrap ( 8.34 11.43) ( 9.44 12.71) (12.13 15.79) (12.34 16.04) (12.67 16.41)

0.99 Bonferroni ( 8.09 11.94) ( 9.17 13.25) (11.81 16.38) (12.02 16.63) (12.34 17.00)
Sidak ( 8.09 11.94) ( 9.17 13.25) (11.81 16.38) (12.02 16.63) (12.34 17.00)
Bootstrap ( 7.68 12.08) ( 8.75 13.41) (11.34 16.58) (11.55 16.83) (11.86 17.21)

Table 5. Estimated simultaneous confidence level for the data in section 2.3
0.90 0.95 0.99

method π∗α SE Bias π∗α SE Bias π∗α SE Bias
Bonferroni 0.937 0.024 0.002 0.972 0.017 -0.008 0.993 0.008 -0.004

Sidak 0.937 0.025 -0.001 0.969 0.018 -0.005 0.993 0.008 -0.004
Bootstrap 0.913 0.031 0.005 0.953 0.022 0.009 0.994 0.010 -0.002

4. Conclusion

For the data from multivariate Poisson distribution, the bootstrap method is applied to
estimate the simultaneous confidence level of a collection of the marginal confidence inter-
vals, and also to construct the simultaneous confidence intervals for the marginal means. It
has shown that the bootstrap method can be used satisfactorily for the estimation of the
simultaneous confidence level and its standard error and bias. In constructing the simultane-
ous confidence intervals, the proposed bootstrap method is more accurate than the existing
Bonferroni method and Sidak method, at least in terms of coverage probability.
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