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Abstract

We introduce a generalized integer-valued autoregressive process to handle non-

stationary time series of counts. It is shown that such a process uniquely exists and

is stationary under the same stationary condition of the usual ARMA process. We

provide basic properties of the new process, estimate parameters, and their asymp-

totic properties. This new process includes previous integer-valued autoregressive

processes as special cases. As an application, we apply the new process to the

number of deaths by asthma in U.S. from January 1989 to December 1997.
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1. Introduction

It frequently occurs that time series of count data exhibit their dependency that must
be appropriately modeled. A number of papers have been written to provide integer-
valued analogues of the familiar time series models. These integer-valued time series
models share many features in common with the standard ARMA models in the form
of the process expressed as a difference equation and the form of their autocorrelation
functions. An essential difference is that the integer-valued time series model uses a
binomial thinning operator in place of the multiplication in the usual ARMA model.

For example, consider an integer-valued time series process Xt defined as

Xt = α ◦Xt−1 + εt (1.1)

where α ◦Xt−1 denotes
∑Xt−1

i=1 wi in which {wi} are a sequence of i.i.d. Bernoulli trials
with P (wi = 1) = 1− P (wi = 0) = α and εt is a random variable independent of Xt−1.
The ◦-operation is referred as binomial thinning and (1.1) as integer-valued autoregres-
sive process with order 1 (INAR(1)). Therefore, we can naturally extend the INAR(1) to
INAR(p) and integer-valued analogues of the usual ARMA model by replacing multipli-
cations with the binomial thinning operators (McKenzie 1986, Al-Osh and Alzaid 1987,
Alzaid and Al-Osh 1990, Jin-Guan and Yuan 1991, Aly and Bouzar 1994, Park and Oh
1997).

However, when such an integer-valued process contains regressors representing non-
stationary factors such as time trend and seasonality, the expression as (1.1) is no longer
valid because it can not be expressed by an infinite moving average process.
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To overcome these problems, we introduce the new operator called as signed bino-
mial thinning by which we develop a new integer-valued time series model to handle
non-stationary integer-valued time series. We call this model extended integer-valued
autoregressive model (EINAR), which removes the time trend and seasonality by differ-
encing as it is done in familiar continuous ARMA model. One advantage of the EINAR
model is to handle negative integer-valued time series, whereas previous integer-valued
time series models are applicable only to nonnegative integer-valued time series. The
EINAR model also allows negative autocorrelations, whereas previous integer-valued
time series model can treat only positive autocorrelations because its coefficient is a
probability as in (1.1).

2. Extended Integer-Valued Autoregressive Process

We introduce the new operator symboled by ¯ and call it “signed binomial thinning”
operator. This new operator generalizes the binomial thinning as shown below. Let
{wα,t,j} be i.i.d. Bernoulli random variables at time t with P (wα,t,j = 1) = |α|. That
is, {wα,t,j} are mutually independent when at least one subscript is different. We call
{wα,t,j} counting series (Jin-Guan and Yuan 1991).

The signed binomial thinning is formally defined as

α¯Dt ≡ sgn(α)sgn(Dt)
|Dt|∑

j=1

wα,t,j (2.1)

Therefore, the subscript t in wα,t,j describes the observed time of the process Dt. For
simple notation, hereafter, we drop the subscripts α and t from wα,t,j if no confusion
arises. When Dt ≥ 0 and α ≥ 0, the signed binomial thinning is reduced to the binomial
thinning because α ¯ Dt =

∑Dt

j=1 wj for Dt ≥ 0 and α ≥ 0. Thus, all properties of
binomial thinning operator are special cases of those of signed binomial thinning operator.

Lemma 2.1. [] Suppose that all counting processes {wj} are mutually independent.
Then, for integer-valued random variables Dt, D1t, and D2t, we have

(1) E(α ¯ Dt) = αE(Dt), E(α ¯ Dt)2 = |α|E|Dt| + α2E|Dt|(|Dt| − 1), and E(α ¯
D1t)(β ¯D2t) = αβE(D1tD2t)

(2) When two random variables D1t and D2t have the same sign, E|α¯D1t−α¯D2t| =
|α|E(|D1t−D2t|) and E(α¯D1t−α¯D2t)2 = α2E(D1t−D2t)2+|α|(1−|α|)E(|D1t−
D2t|).

Using the signed binomial thinning operator, we now define a new process to be used
for modeling integer-valued time series which can be negative valued and have a negative
correlation structure.

Dt =
p∑

i=1

αi ¯Dt−i + εt, t = 0± 1,±2, . . . (2.2)

2



where {εt} is a sequence of i.i.d. integer-valued random variables with mean µε and
variance σ2

ε , 0 ≤ |αi| ≤ 1 for i = 1, . . . , p , and all counting series {wαi,t,j} are mutually
independent. The {εt} are uncorrelated with Dt−i for i ≥ 1. Observe that the pre-
vious INAR(p) process (McKenzie 1986, Alzaid and Al-Osh 1990, Jin-Guan and Yuan
1991) is reduced to a special case of (2.2) when Dt ≥ 0 and αi ≥ 0 for all t and
i = 1, 2, . . . , p. Thus, we call (2.2) an extended integer-valued autoregressive process
with order p (EINAR(p)). Note that the Dt given by (2.2) might be differenced series to
remove trend and seasonality from its original series.

To show that the EINAR(p) process defined by (2.2) is stationary and ergodic, we
consider the following process which is similar to that of Jin-Guan and Yuan (1991).

Dn,t =




0 n < 0
εt n = 0

α1 ¯Dn−1,t−1 + · · ·αp ¯Dn−p,t−p + εt n > 0
(2.3)

where Cov(Dn,t′ , εt) = 0 when t′ < t for any n, and the signs of Dn,t and Dn′,t′ are the
same when t = t′ for any n and n′.

We can construct a EINAR(p) process from Dn,t as shown below.

Theorem 2.2. [] Suppose that all roots of the polynomial λp−α1λ
p−1−· · ·−αp−1λ−

αp = 0 are inside the unit circle. Let Dt = limn→∞Dn,t. Then, the process Dt in L2

space uniquely satisfies

Dt =
p∑

i=1

αi ¯Dt−i + εt, t = 0± 1,±2, . . . (2.4)

where Cov(Dt′ , εt) = 0 for t′ < t. Furthermore, this process Dt is stationary and ergodic.

Proof. Since we let Dt = limn→∞Dn,t, both Dt and Dn,t have the same sign for any n.
Thus, by Lemma 2.1, E(α¯Dn,t−α¯Dt)2 = α2E(Dn,t−Dt)2+ |α|(1−|α|)E|Dn,t−Dt|.

Since one can show that Dn,t
L2−→ Dt by a similar approach of Jin-Guan and Yuan

(1991), E(α¯Dn,t−α¯Dt)2 converges to 0 as n →∞. Thus, the process {Dt} satisfies
(2.4).

For uniqueness of such a process {Dt}, suppose that we have another process {D∗
t }

such that Dn,t
L2−→ D∗

t . Then, by Hölder inequality, for some constant c and |λ| < 1,

E|Dt −D∗
t | ≤

(
E(Dn,t −Dt)2

)1/2(
E(Dn,t −D∗

t )2
)1/2 = cλn.

Thus, E|Dt − D∗
t | = 0 which implies Dt = D∗

t almost surely. By L2 convergence of
Dn,t to Dt, limn→n Cov(Dn,t′ , εt) = Cov(Dt′ , εt). Since Cov(Dn,t′ , εt) = 0 for t′ < t,
Cov(Dt′ , εt) = 0 for t′ < t.

Since Dn,t = 0 for n < 0, recursively solving the equation (2.3), regardless of t, Dn,t

can be expressed as a function of εt, εt−1, . . .,εt−n with the same signed binomial thinning
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operators which are expressed only by α1, α2, . . ., αp. Hence, the distribution of Dn,t de-
pends only on n but not on t. This implies that for each n and T , (Dn,0, Dn,1, · · · , Dn,T )
and (Dn,k, Dn,1+k, · · · , Dn,T+k) have the same distribution for every k. The L2 conver-
gence of Dn,t to Dt as n → ∞ means that Dn,t converges to Dt in probability. Thus,∑T

i=0 aiDn,t+i converges to
∑T

i=0 aiDt+i in probability for all real values of ai’s. This
implies by Cramer-Wold device that

(Dn,0, Dn,1, · · · , Dn,T ) d−→ (D0, D1, · · · , DT ) and

(Dn,k, Dn,1+k, · · · , Dn,T+k) d−→ (Dk, D1+k, · · · , DT+k). (2.5)

Since (Dn,0, Dn,1, · · · , Dn,T ) and (Dn,k, Dn,1+k, · · · , Dn,T+k) have the same distribution
for every k, (D0, D1, · · · , DT ) and (Dk, D1+k, · · · , DT+k) also have the same distribution
for every k from (2.5). This show that Dt is stationary.

Let w(t) be all counting series in α1 ¯Dt−1 + · · · + ¯αp ¯Dt−p and σ(X) be a σ-
field generated by a random variable X. Note that σ(Dt, Dt−1, · · · ) ⊂ σ(w(t), εt,w(t−
1), εt−1, · · · ). Because {w(t), εt} are independent sequence, Kolmogorov’s Zero-One law
implies that any event in the tail σ-filed denoted by

⋂∞
t=1 σ(Dt, Dt+1, · · · ), has probability

0 or 1. This shows by Durrett (1991) that Dt is ergodic. ¤

3. Estimation

The ergodicity and stationarity of the EINAR(p) process for Dt ensure by Durrett
(1991) that

1
n

n∑
t=1

Dt
a.s−→ E(Dt),

1
n

n∑
t=1

|Dt| a.s−→ E(|Dt|),

and
1
n

n∑
t=1

DtDt−k
a.s−→ E(DtDt−k) for k = 0, 1, 2, · · · . (3.1)

Let α̂i (i = 1, 2, . . . , p) be the estimator satisfying

γ̂k = α̂1γ̂k−1 + · · ·+ α̂iγ̂k−i + · · ·+ α̂pγ̂k−p

where γ̂k = γ̂−k and γ̂k = (1/(n − k))
∑n−k

t=1 (Dt − D̄)(Dt−k − D̄). Using α̂i, define
σ̂2

ε = (1/n)
∑n

t=1(ε̂t− ε̄n)2 + (1/n)
∑n

t=1 |Dt| ·
∑p

i=1 |α̂i|(1−|α̂i|) and ε̄n = (1/n)
∑n

t=1 ε̂t

where ε̂t = Dt − α̂1Dt−1 − · · · − α̂pDt−p. Then, by (3.1), we have the following results.

Lemma 3.1. [] Let σ2
ε = V ar(εt) and µε = E(εt). Then, α̂i, σ̂2

ε , and ε̄n are strong
consistent estimators of respective parameters αi, σ2

ε , and µε.

Proof. Since the process expressed by Dt =
∑p

i=1 αi ¯Dt−i + εt is stationary, it is easy
to see that

γk = α1γk−1 + α2γk−2 + · · ·+ αpγp−k (3.2)
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where γk = Cov(Dt, Dt−k) and γk = γ−k by stationarity. Thus α̂i for i = 1, 2, . . . , p is
strongly consistent because γ̂k

a.s−→ γk by (3.1).
Observe that εt = Dt −

∑p
i=1 αi ¯ Dt−i. Thus, we have E(εt) = (1 − ∑p

i=1 αi)µ,
where E(Dt) = µ by stationarity. A little calculation shows that

E(ε2t ) = (γ0 + µ2)(1 +
p∑

i=1

α2
i ) +

p∑

i=1

|αi|(1− |αi|)E|Dt−i|

−2
p∑

i=1

αi(γi + µ2) + 2
∑

1≤i<j≤p

αiαj(γ|i−j| + µ2). (3.3)

Since

1
n

n∑
t=1

ε̂t =
1
n

(Dt − α̂1Dt−1 − · · · − α̂pDt−p),

(3.1) and strong convergence of α̂s imply that ε̄n converges (1−∑p
i=1 αi)µ almost surely.

Similarly, one also can show that, by (3.1) and consistency estimators α̂’s,

1
n

n∑
t=1

ε̂2t
a.s−→ (γ0 + µ2)(1 +

p∑

i=1

α2
i )− 2

p∑

i=1

αi(γi + µ2) + 2
∑

1≤i<j≤p

αiαj(γ|i−j| + µ2).(3.4)

Thus, (3.3) and (3.4) yield that σ̂2
ε converges to σ2

ε almost surely. ¤
By the definition of signed binomial thinning, E(Dt|Ft−1) = µε + α1Dt−1 + · · · +

αpDt−p where Ft = σ(D1, · · · , Dt). Denote ξ = (µε, α1, α2, · · · , αp). Then, the condi-
tional least squares estimators (CLS) for ξ can be obtained by minimizing

Qn(ξ) =
n∑

t=p+1

[Dt − E(Dt|Ft−1)]2. (3.5)

It can be seen that all regularity conditions proposed by Klimko and Nelson (1978) are
satisfied to have the following asymptotic normality.

Theorem 3.2. [] Let ξ̂
LS

n be the CLS minimizing (3.5). Then, if Eε4t < ∞, we have

√
n(ξ̂

LS

n − ξ) d→ N(0,V−1WV−1)

where

V =
[
E

(∂E(Dp+1|Fp)
∂ξi

∂E(Dp+1|Fp)
∂ξj

)]
,W = E

[
A2

p(ξ)
∂E(Dp+1|Fp)

∂ξi

∂E(Dp+1|Fp)
∂ξj

]
,

and Ap(ξ) = Dp+1 − E(Dp+1|Fp).

Observe that

V ar(Dt|Ft−1) = V ar
( p∑

i=1

αi ¯Dt−i + εt|Ft−1

)
=

p∑

i=1

|αi|(1− |αi|)|Dt−1|+ σ2
ε .
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Thus, the conditional variance of EINAR(p) is always larger than that of the usual AR(p)
process. This impact on estimation will be discussed in the subsequent section.

We next derive forecasts from EINAR (p) process. Consider E(α¯Dt+t′ |Ft). Clearly,

E(α¯Dt+t′ |Ft) = αDt+t′ for t′ ≤ 0. (3.6)

Observe that

E(α¯Dt+t′ |Ft) = E
(
E(α¯Dt+t′ |Ft+t′)

∣∣Ft

)
= αE(Dt+t′ |Ft) for t′ ≥ 1. (3.7)

These (3.6) and (3.7) give

E(α¯Dt+t′ |Ft) = αE(Dt+t′ |Ft) (3.8)

where E(Dt+t′ |Ft) = Dt+t′ for t′ ≤ 0. Since ∇D
s ∇dDt follows EINAR(p) process, by

(3.8),

E(Dt+k|Ft) = E(D∗
t+k−1|Ft) +

p∑

i=1

αiE(∇D
s ∇dDt+k−i|Ft) + µε (3.9)

where k ≥ 1 and D∗
t+k−1 = Dt+k − ∇D

s ∇dDt+k which is Ft+k−1 measurable. This
E(Dt+k|Ft) is the minimum variance predictor of Dt+k conditioned on Ft and is the
k-period-ahead forecast for Dt+k given Ft.

4. Application

The monthly data of mortality are reported from 50 states and Washington D.C.
to the U.S. National Center for Health Statistics. We use deaths of asthma among 72
causes of death from January 1989 to December 1998. The monthly deaths reveals a
clear linear time trend and a seasonality. Thus, we examine ∇12∇Dt where Dt is the
deaths by asthma at month t. Because EINAR(p) process has the same autocorrelation
structure as the usual continuous AR(p) process from the proof of Lemma 3.1, we can
use sample autocorrelation functions to check stationarity of the process ∇12∇Dt and to
select an appropriate p in the EINAR(p) where we take p = 13.

After removing nonsignificant coefficient in EINAR(13) by Theorem 3.2, we finally
take

∇12∇Dt = α1 ¯∇12∇Dt−1 + α2 ¯∇12∇Dt−2 + α3 ¯∇12∇Dt−3 + α4 ¯∇12∇Dt−4

+α10 ¯∇12∇Dt−10 + α12 ¯∇12∇Dt−12 + α13 ¯∇12∇Dt−13 + εt.

Based on this model, Table 1 shows the conditional least squares estimates with their
standard errors. The last row provides the standard errors when we use the usual AR(p)
model instead of EINAR(p) model. As expected, the usual AR(13) underestimates stan-
dard errors and leads significant α3 which is not significant in EINAR(13) model.
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Table 4.1: Parameter Estimates and their Standard Errors

µε α1 α2 α3 α4 α10 α12 α13

Estimates −0.832 −0.5223 −0.1022 −0.1616 −0.1140 0.1289 −0.6051 −0.4297
S.E. of EINAR 3.5651 0.0971 0.0830 0.0868 0.0840 0.0800 0.0845 0.1000

S.E. of AR 1.2123 0.0897 0.0781 0.0813 0.0781 0.0781 0.0822 0.0979
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