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Abstract

In this paper we investigate the weak convergence of the sequential empirical process

based on some residuals in a stationary time series model in which autoregressive random

variables are observed subject to measurement errors. Under this mechanism, the limiting

distribution is given by that of the sequential empirical process of m-dependent random

variables and a simple additional term. A change point problem regarding the distribution

of the equation errors in the unobservable autoregressive random variables is considered

as an application.
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1 Introduction

Techniques of empirical processes have been among popular methods for goodness of fit test
in diverse fields of statistics and sequential empirical processes that are given as their par-
tial sums have been frequently employed in change point problems. There is vast literature
on the asymptotic properties of these processes studied by many authors. See for example,
Durbin(1973), Rao and Sethuraman(1975), Shorack and Wellner (1986), and Billingsley(1999).
The weak convergence of the empirical processes based on regression residuals in time series
models was investigated by Boldin(1982), Pierce(1985), Koul and Levental(1989), Koul(1991),
Lee(1997), and Lee and Wei(1999). Bai(1994) examined the weak convergence of the sequential
empirical processes based on residuals in ARMA models with an aim to test for or to identify
an unknown change point. See also Picard(1985), Carlstein(1988), Csörgő and Horváth(1997),
Ling(1998), and Horváth, Kokoszka and Teyssière(2001).

This paper deals with the weak convergence of the sequential empirical processes based
on the residuals in a time series model where random variables of AR(p) are observed with
measurement errors. Various regression models involving measurement errors or with errors-
in-variables and related problems of statistical inference are discussed in Fuller(1987), Carroll,
Ruppert and Stefanski(1995), and Cheng and Van Ness(1999). Miller(1989) has generalized the

1This work was supported by the Korea Research Foundation Grant. (KRF-2003-003-C00033)
2Department of Information and Statistics, Yonsei University, Wonju, Korea (nasr@dragon.yonsei.ac.kr)
3Department of Statistics, Seoul National University, Seoul, Korea



theory of empirical processes of residuals to the case of multivariate errors-in-variable regression
models with normality assumption.

As a generalization of this direction, we investigate the limiting behavior of the sequential
empirical processes in autoregressive time series models subject to measurement errors. While
the assumption of independent and identically distributed (iid) innovation errors plays a key
role in the derivation of the weak convergence results in the above works, the processes discussed
here are essentially related to a sequence of m-dependent random variables, which is due to the
model assumption of unobservable autoregressive random variables and measurement errors.
We show that the sequential empirical processes based on the residuals which are defined later
in the AR(p) models observed with iid measurement errors have the same limiting distribution
as those of a sequence of stationary m-dependent random variables with the exception of an
additional term. A change point problem for testing the change of the distribution of the
equation errors in the unobservable AR random variables is considered as an application. In
section 2, the model with measurement errors is introduced and the main results are presented.

2 The model and main results

Consider the following AR(p) model subject to measurement errors:

Xt = φ1Xt−1 + · · ·+ φpXt−p + εt,

Yt = Xt + δt, t = 1, . . . , n, (1)

where (φ1, . . . , φp) ∈ Rp for a positive integer p, εt are iid equation errors with mean zero and
finite variance, δt are iid measurement errors with mean zero and finite fourth moment and
independent of εt, and Yt are observed. It is assumed that Φ(z) = 1 − φ1z − · · · − φpz

p = 0
has all roots outside the unit circle in the complex plane, which implies that unobservable Xt

constitute a stationary sequence of random variables (cf. Brockwell and Davis, 1991).
We can write the model (1) as

Yt = φ1Yt−1 + · · ·+ φpYt−p + vt,

vt = εt + δt − φ1δt−1 − · · · − φpδt−p, t = 1, . . . , n. (2)

Unlike the usual autoregressive models, since vt are stationary m-dependent random variables
with m = p, it follows that vt and Yt−1 = (Yt−1, . . . , Yt−p) are correlated. We define

v̂t = Yt − φ̂1Yt−1 − · · · − φ̂pYt−p, t = 1, . . . , n

for the estimators φ̂1, . . . , φ̂p of φ1, . . . , φp and call these the residuals of models (1) and (2). The
works by Chanda(1995, 1996) can be referred to for n1/2-consistent estimators of parameters
in autoregressive time series models with measurement errors.

Based upon these residuals, we define the sequential empirical process of residuals as

K̂n(s, x) = n−1/2

[ns]∑
t=1

{I(v̂t ≤ x)− Fv(x)}, 0 ≤ s ≤ 1, x ∈ R,



where I(A) denotes the indicator function of the set A and Fv(x) is the distribution function
of vt. Meanwhile, the sequential empirical process based on unobservable vt is defined as

Kn(s, x) = n−1/2

[ns]∑
t=1

{I(vt ≤ x)− Fv(x)}, 0 ≤ s ≤ 1, x ∈ R. (3)

The main purpose of this paper is to study the difference of these two processes, K̂n(s, x) −
Kn(s, x).

Contrary to Bai(1994), the uniform distance given by sup0≤s≤1,x∈R |K̂n(s, x)−Kn(s, x)| is
not oP (1). Furthermore, the sequential empirical process in (3) converges weakly to a mean-zero
Gaussian process K(s, x), the covariance function of which is given by

EK(s1, x1)K(s2, x2) = min(s1, s2)Γ(x1, x2), 0 ≤ s1, s2 ≤ 1, (x1, x2) ∈ R2 (4)

and

Γ(x1, x2) = E{I(v1 ≤ x1)− Fv(x1)}{I(v1 ≤ x2)− Fv(x2)}

+
p+1∑
t=2

E{I(v1 ≤ x1)− Fv(x1)}{I(vt ≤ x2)− Fv(x2)}

+
p+1∑
t=2

E{I(v1 ≤ x2)− Fv(x2)}{I(vt ≤ x1)− Fv(x1)}

In Dehling and Philipp(2002), the weak convergence of empirical processes of strong mixing
random variables is discussed and the process in (3) is indeed a case. Our main result is
presented in the following theorem.

Theorem 1 Assume that the following conditions hold:

(A1) εt are iid with zero mean and finite variance. The measurement errors δt are iid with zero
mean and finite fourth moment. εt and δt are mutually independent.

(A2) The distribution function Fv of vt and G of εt + δt have bounded derivatives fv and g,
i.e.,

||fv|| = sup
x∈R

fv(x) < ∞, ||g|| = sup
x∈R

g(x) < ∞.

In addition, g is uniformly continuous on R and satisfies that lim|x|→∞ g(x) = 0.

(A3) n1/2(φ̂j − φj) = OP (1) for j = 1, . . . , p.

Then
sup

0≤s≤1
sup
x∈R

|K̂n(s, x)−Kn(s, x)−Hn(s, x)| = oP (1), (5)

where

Hn(s, x) = sn1/2

p∑

j=1

(φ̂j − φj)Qj(x)



and
Qj(x) = E[g(x + φ1δt−1 + . . . + φpδt−p)δt−j ], j = 1, . . . , p.

Remark 1. From (5), we can see that the limiting behavior of the sequential empirical process
K̂n(s, x) relies on the estimators of the unknown autoregressive parameters, which is also found
in Ling(1998). When the parameters are estimated, similar results can be found in Durbin(1973)
and Lee and Wei(1999). The dependence structure in vt affects the limiting distribution of
K̂n(s, x) through Kn(s, x) as can be seen in (4), which is also a usual consequence for dependent
random variables (cf. Billingsley, 1999, and Dehling and Philipp, 2002).

We consider a change point problem as an application of the weak convergence result dis-
cussed so far, where the distribution of the equation errors εt is of concern. We cannot appeal
to unobservable εt directly for testing whether there exists a change in the distribution function
of εt. Although many authors have considered the methods of using residuals rather than true
errors, the presence of measurement errors makes it impossible to consistently estimate the
unobservable errors even in case of knowing the exact regression parameters. For this reason,
we alter the problem into that of vt. We remark that this is not so confusing because under the
assumption of iid δt, the change in the distribution of εt results in that of vt, and vice versa.
The statistics for this purpose can be constructed upon the residuals v̂t. Define two empirical
distribution functions based on residuals by

F̂k(x) = k−1
k∑

t=1

I(v̂t ≤ x)

and

F̂ ∗k (x) = k−1
n∑

t=n−k+1

I(v̂t ≤ x).

For the purpose of applying to the change point problem, we define a process

Dn(s, x) = n1/2 [ns]
n

n− [ns]
n

{F̂[ns](x)− F̂ ∗n−[ns](x)}, 0 ≤ s ≤ 1, x ∈ R.

The test statistic can be defined by Tn = sup0≤s≤1,x∈R |Dn(s, x)|. We reject the null hypothesis
arguing non-existence of the change point when Tn has a large value. Meanwhile, we see that

Dn(s, x) = K̂n(s, x)− [ns]
n

K̂n(1, x).

As a simple consequence of Theorem 1, we obtain the following corollary.

Corollary 2 Assume the same conditions as in Theorem 1. Then,

sup
0≤s≤1

sup
x∈R

|Dn(s, x)−Kn(s, x) +
[ns]
n

Kn(1, x)| = oP (1). (6)



Proof. Write that

Dn(s, x)−Kn(s, x) +
[ns]
n

Kn(1, x)

= K̂n(s, x)−Kn(s, x)−Hn(s, x)− [ns]
n
{K̂n(1, x)−Kn(1, x)−Hn(1, x)}

+ Hn(s, x)− [ns]
n

Hn(1, x)

and use Theorem 1. 2

Remark 2. From (6), one can easily see that the process Dn(s, x) converges weakly to a
mean-zero Gaussian process D(s, x) defined by D(s, x) = K(s, x) − sK(1, x). The covariance
function of D(s, x) is given by

ED(s1, x1)D(s2, x2) = (min(s1, s2)− s1s2)Γ(x1, x2).

By continuous mapping theorem, Tn converges in distribution to sups,x |D(s, x)| when there is
not a change point.
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