
Confidence Bands for Functional Principal Components†

Peter Hall1 Kee-Hoon Kang2,∗

ABSTRACT

We consider constructing confidence bands for principal components in functional data
analysis. These bands give a quick indication of places where a principal component is esti-
mated accurately, or where the accuracy is less good. We develop analytical approximations
to the pointwise variance of empirical principal components, and show how to use them to
obtain pointwise confidence bands of the traditional “point estimate plus or minus 2σ” type.
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1. Introduction

In the context of functional data analysis(FDA), principal component methods are ar-
guably even more important than in the conventional setting of multivariate analysis. FDA
is intrinsically infinite-dimensional, and even the optimal convergence rates of estimators
of distributions of functional data are generally very poor, often slower than the inverse of
any polynomial in sample size. Therefore, the shape and structure of functional principal
components are of substantial practical interest, and significant attention is devoted to their
analysis. The characteristics of empirical principal components need careful assessment.
This would be facilitated if one had access to confidence bands whose varying widths indi-
cated the relative accuracies with which principal-component functions could be estimated
at different places.

However, the construction of appropriate confidence bands for principal components can
be a highly computer-intensive problem. In theory it may be accomplished using multi-
ple bootstrap methods, but the need to find empirical eigenvectors, and eigenvalues, for
each resample drawn from a bootstrap resample, makes multiple bootstrap techniques less
attractive than in more conventional settings.

In this paper we suggest ways of overcoming these difficulties. We develop analytical
approximations to the pointwise variance of empirical principal components, and show how
to use them to obtain pointwise confidence bands of the traditional “point estimate plus or
minus 2σ” type. These bands give a quick indication of places where a principal component
is estimated accurately, or where the accuracy is less good.
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Early work on principal-component methods in FDA includes that of Besse and Ramsay
(1986), Rice and Silverman (1991) and Silverman (1995). See also Ramsay and Silverman
(1997, 2002), Cardot, Ferraty and Sarda (2003), Girard (2000), etc.

2. Confidence bands and confidence interval

Assume that the random function X is defined on a compact interval I. Let X1, . . . , Xn

denote a random sample drawn from the distribution of X, and put X̄ = n−1
∑

i Xi,

K(u, v) = cov {X(u), X(v)} =
∞∑

j=1

θj ψj(u)ψj(v) , (2.1)

K̂(u, v) =
1
n

n∑

i=1

{Xi(u)− X̄(u)} {Xi(v)− X̄(v)} =
∞∑

j=1

θ̂j ψ̂j(u) ψ̂j(v) . (2.2)

Formulae (2.1) and (2.2) represent spectral decompositions of the linear operators with
kernels K and K̂, respectively; see, for example, Indritz (1963), Chap. 4. The functions ψj

and ψ̂j are eigenvalues of the operators, with respective eigenvalues θj and θ̂j . The sequences
of functions ψ1, ψ2, . . . and ψ̂1, ψ̂2, . . . are each orthonormal.

The statistical importance of (2.1) lies in the fact that the ψj ’s are the functional ana-
logues of principal components for the distribution of X. Their estimation by the respective
functions ψ̂j is the cornerstone of functional principal components analysis. The operator
with kernel K is positive semi-definite, reflecting the positive semi-definite character of the
covariance function K. Therefore, each θj ≥ 0, and the eigenvalues may, without loss of
generality, be ordered, as θ1 ≥ θ2 ≥ . . .. Likewise, in the case of (2.2), we may assume that
θ̂1 ≥ θ̂2 ≥ . . . This ensures that ψ̂j may be regarded as an estimator of ψj , for each j ≥ 1. We
shall further suppose that θ1 > θ2 > . . . This implies that there are no repeated eigenvalues.

For a confidence band to be truly informative its shape should reflect our relative uncer-
tainty about values of the function at different points. For example, it should be narrower
at points t where our estimate of ψj(t) is relatively accurate, and wider at places where the
converse is true. These considerations motivate the construction of an empirical approxima-
tion, σ̂j(t) say, to the standard deviation of ψ̂j(t), for t ∈ I. Once σ̂j is available, a simple
α-level pointwise confidence band, relying on a normal approximation to the distribution
of ψ̂j(t), might take the form ψ̂j(t) ± zα σ̂j(t) for t ∈ I, where zα is chosen so that the
probability that a standard normal random variable lies in the interval [−zα, zα] equals α.
The band ψ̂j(t) ± zα σ̂j(t) might be thought of as determining a “template,” to be used
subsequently for constructing a simultaneous confidence band. Of course, when α = 0.95,
zα ≈ 2 and this band has the traditional form, “point estimate plus or minus 2σ.”

We may rescale the band using a single application of the bootstrap, and thereby con-
struct a simultaneous confidence band for the function ψj , as follows. Draw a resam-
ple X∗

1 , . . . , X∗
n by sampling randomly, with replacement, from X1, . . . , Xn; compute the

corresponding estimators ψ̂∗1 , ψ̂∗2 , . . . of ψ1, ψ2, . . .; and take the simultaneous band to be



ψ̂j(·) ± q̂α σ̂j(·), where q̂α is chosen so that the band contains a proportion α of simulated
curves ψ̂∗j .

We can show that for each j0 ≥ 0, the normalised functions n1/2(ψ̂j−ψj), for 1 ≤ j ≤ j0,
converge jointly and weakly, on I, to nonstationary Gaussian processes Ψ1, . . . , Ψj0 , each
having zero mean and representable as

Ψj(t) =
∑

k : k 6=j

(θj − θk)−1 ψk(t)
∫

ψj ψk ζ , t ∈ I , (2.3)

where ζ is a bivariate Gaussian random field on I2 with zero mean.
An immediate consequence of these results is that, for each j1, . . . , jr ≥ 1 and each

t1, . . . , tr ∈ I, the variables Yk ≡ n1/2{ψ̂jk
(tk)− ψjk

(tk)}, for 1 ≤ k ≤ r, are asymptotically
jointly normally distributed with zero means and covariances γjk1 jk2

(tk1 , tk2), the latter
being the limit of cov (Yk1 , Yk2) and obtainable directly from the covariances of Ψj .

To appreciate how variance and covariance might be approximated, observe that the
random function X may be expressed in terms of the spectral decomposition (2.1), via the
Karhunen-Loève expansion of W = X − E(X):

W (t) =
∞∑

j=1

ξj ψj(t) , (2.4)

where the random variables ξj =
∫

W ψj have zero mean, are uncorrelated and satisfy
E(ξ2

j ) = θj . If this absence of correlation can be replaced by independence, for the purpose
of calculating expected values of products of any four of the variables ξj , then the complexity
of a formula for the covariance of Ψj1(t1) and Ψj2(t2) is significantly reduced.

The independence assumption is exactly correct in the case where X is a Gaussian
process, for example, since then the ξj ’s are jointly normally distributed. And it is exactly
correct too in many non-Gaussian cases. To construct examples of the latter it is necessary
only to start with a sequence of zero-mean random variables ξj , having respective variances
θj , and a complete orthonormal sequence ψj ; and assemble these quantities to construct the
random function W , given at (2.4).

Under the assumption of independence of the ξj ’s, we can show

γj1j2(t1, t2) = δj1j2 θj1

∑

k : k 6=j1

θk (θj1 − θk)−2 ψk(t1)ψk(t2)

−(1− δj1j2) θj1 θj2 (θj1 − θj2)
−2 ψj2(t1)ψj1(t2) ,

where δj1j2 denotes the Kronecker delta. In particular, the asymptotic variance of ψ̂j(t)
equals n−1σj(t)2, where

σj(t)2 = γjj(t, t) = θj

∑

k : k 6=j

θk (θj − θk)−2 ψk(t)2 .

The latter can be approximated empirically by

σ̂j(t)2 = θ̂j

∑

k : k 6=j, k≤J

θ̂k (θ̂j − θ̂k)−2 ψ̂k(t)2 ,



where θ̂k and ψ̂k are as at (2.2), and J denotes the number of terms we use in our empirical
approximation to the spectrum.

3. Numerical properties

We explore the accuracy of the “plus or minus 2σ” pointwise confidence bands, for both
Gaussian and non-Gaussian X. The main part of this work would probably be under the
assumption that the ξj ’s are independent, but we take into account the non-independent
case. We calculate the coverage accuracy of the “plus or minus 2σ” pointwise confidence
bands.

As well as dealing with the pointwise bands, we also consider pointwise confidence in-
tervals for particular values of functions. The values that are likely to be of most practical
interest are those at the beginning or end of the interval, for example ψj(0) or ψj(1) if the
interval is I = [0, 1].
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