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Abstract

We consider the calibration of Horvitz-Thompson variance estimator of the weighting 

adjusted population total by calibration procedure using the square and cross product of 

the auxiliary informations under the unit nonresponse situation. We compare the efficiency 

of the proposed calibration variance estimator with that of Yates-Grundy  by simulation 

study.
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1. Introduction

The nonreponse problems are necessarily occurred in survey procedure. However, if we 

estimate only using the response set the population parameter without considering this 

nonresponse, then we can't avoid the underestimation problem. The types of nonresponse 

can be classified with the item nonresponse which occurs in survey items and the unit 

nonresponse which occurs in survey unit (Kalton and Kasprzyk, 1986). In the item 

nonresponse, the missing values are replaced by the proxy value from the response set, 

mean imputation, hot-deck imputation, ratio imputation, and regression imputation. 

On the other hand, the unit nonresponse is adjusted the original design weight by new 

weight using auxiliary information which strong correlated with the variable of interested, 

such as the weighting adjustment, raking, calibration method. 

Now, we will be limited with the unit nonresponse situation, and we use the calibration 

method to adjust the weight of variance estimator of population total. The calibration 

procedures for the population mean or total are introduced in several papers or books 

(Sarnadal, Swensson, & Wretman,1992; Lundstrom & Sarndal, 1999; Son et, al, 2000, 2002).  

When an auxiliary information is population total or variance of auxiliary variable, we use 

it to adjust the weight of variance estimator in case of calibration for the variance of 

estimator. However, in this case, the method has some disadvantage that the variance form 

will be transferred with the YG variance and it may be negative value and it must be 

known the population variance of auxiliary variable. To overcome this limitation, we 

consider the HT variance form to calibrate the variance weight.

In this paper, we propose the calibration method for the variance weight of HT variance 
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estimator using the square and cross-product value of auxiliary variable, and we compare 

the efficiency of between YG and HT variance form. We illustrated the variance estimation 

procedures in Section 2. We described the proposed calibration method for the HT variance 

estimator in Section 3, and we treated the simulation study in Section 4. In section 5, we 

discussed the some issue for the variance calibration procedure.

2. Calibration Procedure for Variance Estimator

2.1 Lundstorm & Sarndal's Variance Estimator

Lundstorm & Sarndal(1999) was suggested the MSE of usual calibration estimator. They 

showed that the nonresponse bias is approximately 0, if an auxiliary information having 

strong correlation with an variable of interest can be available in estimation procedure. 

Thus the MSE is reduced to the variance estimator and the variance estimator of  Ŷ ws  

using sample information is

V̂(Ŷ ws ) = Σ
k r
Σ
l r

(dkdl − dkl )(vskyk )(vslyl ) − Σ
k r

dk (dk − 1 )vsk (vsk − 1 )y
2
k

+ Σ
k r

d 2k vsk (vsk − 1 )f
2
k e 2k

     (2.1)

Also the variance estimator of Ŷ wU  using the population information is

V̂(Ŷ wU) = Σ
k r
Σ
l r

(dkdl − dkl )(gkfkvskek )(glflvslel ) − Σ
k r

dk (dk − 1 )vsk (vsk − 1 )(gkfkek )
2

+ Σ
k r

d 2k vsk (vsk − 1 )f
2
k e 2k

  

(2.2)

 where fk  is the correction factor for loss of degree of freedom, ek = yk − xkB̂ rv , 

B̂ rv =
Σ
k r

dkvskqkxkyk

Σ
k r

dkvskqkxkxk

, and g-weight gk = 1+ qk (Σ
U

xk −Σ
s

dkxk )(Σ
s

dkqkxkxk )
− 1xk .

2.2 The Calibration procedure of Yates-Grundy(YG) variance estimator

We can be considered as available auxiliary information, the population variance of it as 

well as the population total of auxiliary variable. Using the population variance of auxiliary 

variable strong correlated with the variable of interested, we adjust the weight of variance 

of calibration estimator, where the type of variance estimator is YG variance estimator of it. 

The YG variance estimator of population total of variable of interested is, for the 

response set r, 

 V̂ YG (Ŷ ws ) =
1
2 Σk r
Σ
l r

Dkl (wskesk −wslesl )
2
                         (2.3)
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 where wsk = dkvsk  and esk = yk − xkB̂ rs  .

Now, for the variable of interested y, we consider the calibration equation as follows to 

find the new weight of variance estimator Wkl   which as close as possible to the original 

variance weight Dkl . 

1
2 Σk r
Σ
l r

Wkl (dkxk − dlxl )
2 = V̂ YG (X̂ HT)                       (2.4)

 where V̂ YG (X̂ HT) =
1
2 Σk s
Σ
l s

Dkl (dkxk − dlxl )
2  and  Dkl = (πkπl − πkl )/πkl .

The new variance weight Wkl  is minimized the distance function in (2.5) subject to the 

calibration equation (2.4). 

Ω (D,W) =
1
2 Σk r
Σ
l r

(Wkl −Dkl )
2

DklQkl

                    (2.5)

 where Qkl  is defined by the sampling design or response mechanism, it is reduced to the 

general regression estimator, if Qkl = 1 .

Theorem 2.1] The new variance weight Wkl  which is minimized the distance function 

Ω (D,W )  subject to the calibration equation (2.2) is 

Wkl = Dkl+
DklQkl (dkxk − dlxl )

2

1
2 Σk r
Σ
l r

DklQkl (dkxk − dlxl )
4

[ ]V̂ YG (X̂ HT )− V̂ r(X̂ HT )       (2.6)

 where  V̂ r(X̂ HT ) =
1
2 Σk r
Σ
l r

Dkl (dkxk − dlxl )
2 .

Theorem 2.2] From the variance estimator (2.3), the original variance weight Dkl  is 

replaced with the new variance weight Wkl , then the variance estimator can rewrite as 

follows.

V̂ r(Ŷ ws) = V̂ YG (Ŷ ws ) + B̂ ws
[ ]V̂ YG (X̂ HT)− V̂ r(X̂ HT)                (2.7)

 where B̂ ws =
Σ
k r
Σ
l r

DklQkl (dkxk − dlxl )
2(wskesk −wslesl )

2

Σ
k r
Σ
l r

DklQkl (dkxk − dlxl )
4

and V̂ r(X̂ HT ) =
1
2 Σk r
Σ
l r

Dkl (dkxk − dlxl )
2

3. Calibration procedure for HT Variance Estimator

From the YG variance estimator, the original variance weight Dkl = (πkπl − πkl )/πkl  is 
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substituted  the new variance weight Wkl  which minimizes the distance function subject to 

the calibration equation for the variance estimator of auxiliary variable.  

However, the variance weight Dkl  of YG variance estimator may be negative value in 

case of (πkπl − πkl ) < 0 , and it has the limitation to apply for the practical example 

because of supposing the known variance of auxiliary variable. If (πkπl − πkl ) < 0  then 

the adjusted variance weight Wkl  from calibration procedure may be negative, it is evidence 

that the resulting variance estimator is to do. 

To overcome disadvantages of YG variance estimator, we develop the new calibration 

procedure without using the population variance of auxiliary variable. Also, we directly 

derive the calibration variance weight for HT variance estimator. 

The HT variance estimator for the HT estimator Ŷ HT  of population total Y  of variable 

of interested y  is 

V̂(Ŷ HT) = Σ
k s

1− πk

π2k
y 2k + 2Σ

k s
Σ
l s

(πkl − πkπl )

πkπlπkl
ykyl

= Σ
k s

dk (dk − 1 )y
2
k + 2Σ

k s
Σ
l s

(dkdl − dkl )ykyl

               (3.1)

 where dk = 1/πk  and dkl = 1/πkl .

Now we consider the nonresponse situation then for the response set r, the calibration 

estimator Ŷ w  of the population total substitutes into (3.1). We can rewrite (3.1) for the 

nonresponse situation.

V̂ r(Ŷ w ) = Σ
k r

d1ke
2
k + 2Σ

k r
Σ
l r

d2kekel                        (3.2)

where d1k = dk (dk − 1 )  and d2k = dkdl − dkl  , ek = yk − xkB̂ rs  .

 The variance estimator for the calibration estimator Ŷ w  can be expressed by adding with 

two terms in (3.1), and we can define the calibration equations to adjust the variance 

weight as follows.

Σ
r

w1k (x
2
k ) = Σ

s

d1k (x
2
k )                               (3.3a)

    Σ
r

w2k (xkxl ) = Σ
s

d2k (xkxl )                             (3.3b)

The objective is to find the new weights w1k  and w2k  as close as possible to the original 

design weights d1k  and d2k  respectively. The reason of separating original weights in two 

terms why first and second inclusion probabilities will be represented to the characteristics 

of survey unit well.

Now we define the distance function to find new variance weights  w1k  and w2k  subject 

to (3.3a) and (3.3b).
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 F = Σ
r

d1kG (w1k/d1k ) + Σ
r

d2kG (w2k/d2k )                       (3.4)

 where G (wk/dk ) = (dk − wk )
2/2 , it means the distance of between dk  and wk  for the 

response set r.

Theorem 3.1] The new variance weights to minimize F  subject to the calibration 

equations (3.3a) and (3.3b), w1k  and w2k , are 

w1k = d1k ( )1 + λ1x
2
k ,  w2k = d2k ( )1 + λ2xkxl                       (3.5)

 , where the Lagrange multipliers are λ1 =






Σ
r

d1kx
4
k

− 1

(X̂ 2sk − X̂ 2rk )  and 

λ2 =






Σ
r

d2k (xkxl )
2

− 1

(X̂ skl − X̂ rkl ) . Also X̂ 2sk = Σ
s

d1kx
2
k , X̂ 2rk = Σ

r

d1kx
2
k , 

X̂ skl = Σ
s

d2kxkxl , and X̂ rkl = Σ
r

d2kxkxl  .      

Theorem 3.2] Substitute the new calibration weights w1k  and w2k  into (3.2), then the 

variance estimator for the calibrated population total is

V̂ cal (Ŷ w ) = V̂ r(Ŷ w ) + B̂ rk ( )X̂ 2sk − X̂ 2rk + B̂ rkl ( )X̂ skl − X̂ rkl             (3.7)

 where B̂ rk   and B̂ rkl  are   B̂ rk =
Σ
r

d1kx
2
k e 2k

Σ
r

d1kx
4
k

,  B̂ rkl =

2ΣΣ
r

d2kxkxlekel

Σ
r

d2k (xkxl )
2

, respectively.

  From (3.7), we can show the variance estimator is composed of the response variance 

and first and second order design weights terms. If the first and second order design 

weights are adjusted well, then second and third terms are approximately 0. It means that 

auxiliary variables are strongly correlated with the variable of interested so that the 

nonresponse bias is approximately 0. 

Now, we can't compare the efficiency of between (2.9) and (3.7) directly, so that we 

consider the simulation study in next section. 

4. Simulation Study

 We can find the calibration estimator for the population total from the response set as 

following.

E(Ŷ w ) =
1
KΣk=1

K

Ŷ wk                                 (4.2)

 where K  means the number of iteration.

To compare the relative bias of variance estimator, the average squared deviation of 
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between calibration estimator Ŷ wk   and the expected value of it in (4.2) is defined as 

follow.

Vs im=
1

K− 1 Σk= 1
K

( )Ŷ wk −E [Ŷ w ]
2
                        (4.3)

Let V̂ YG  and V̂ pro  be denoted the YG and the proposed variance estimator respectively, 

and we define the relative bias of variance estimator as follow.

RB (V̂ ) =






E [V̂ (Ŷ w )]− Vs im

Vs im
100                           (4.4)

<Table 4.1> Comparison of efficiency between V̂ YG  and V̂ pro(ρ = 0.8)

       Estimate

 RR(%)

V̂ YG V̂ pro
Estimate RE(%) Estimate RE(%)

60 23209.8 72.1 12218.6 -9.4

80 16456.3 22.1 12793.6 -5.1

100 13355.3 -0.9 13355.3 -0.9

5. Concluding Remarks

 In this paper, we implement the weighting adjustment for the variance estimator using 

auxiliary information under the unit nonresponse situation.  We don't use the YG variance 

form, but the HT variance form. By this calibration procedure of variance weight, we 

expect to overcome under-estimation problem due to unit nonresponse and avoid negative 

value of variance. From simulation study, the proposed variance weighting adjustment by 

HT variance form prefers to that by YG.
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