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 Optimal IPPS Sampling Designs

Sun-Woong Kim1)

Abstract

This paper proposes an inclusion probability proportional to size sample design 

with some desirable properties. The sampling scheme is simple and flexible since a 

mathematical programming approach is used. We show that this scheme may be 

preferable to Nigam et al.’s (1984) method which uses a balanced incomplete block 

designs. 
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1. Introduction 

  In sampling a finite population U={u 1,…,uN } consisting of N identifiable units, to 

estimate the population total we can consider various sampling techniques suggested in the 

literature. But we may encounter the problem in deciding which is preferable over other 

methods with respect to the utilization of the known quantities associated with the units. 

Many of them are discussed by Brewer and Hanif (1983) and one of the popular sampling 

strategies may be the use of inclusion probability proportional to size (IPPS) selection 

procedure in combination with the Horvitz-Thompson (1952) estimator for the population 

total.

Many brilliant ideas for an IPPS sampling design have been introduced, but it seems that 

it is not a simple matter to develop an IPPS sampling scheme having some basic 

properties, described in Section 1. In addition to these properties, it is not inconceivable that 

a scheme providing a stable Sen-Yates-Grundy (1953) variance estimator may be 

considerably desired. 

Following Jessen (1969), Nigam, Kumar and Gupta (1984) proposed an IPPS sampling 

scheme having all of those properties. But their methods heavily emphasize the use of 

balanced incomplete block designs (BIBD), which is quite complicated to use even for the 

case of a small sample size.

 In this paper, we suggest an IPPS sampling design created by solving a mathematical 

programming (MP) problem in order to have those properties and cause a more stable 

Sen-Yates-Grundy variance estimator. The selection procedure is simple and flexible. The 

usefulness of the method is demonstrated through an example in the literature. 
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2. The Proposed Approach

Let s={u 1,…,un } be a sample of fixed size n  that is drawn from U according to a 

given sampling design, denoted by p( s) , with first-order inclusion probabilities

π i=p (u i∈s ) and second-order inclusion probabilities π ij=p (ui∈s ∧ u j∈s ) .

Let y i and x i  denote respectively, the value of the character of interest and the known 

quantity for the i th unit of a population U . Further, let z i= x i / X , where 

X=∑
N

i=1
x i . z i  is often called the size measure of unit i .

A fixed-size IPPS sampling design has the following basic properties:

   (i) S is a collection of samples of U={u 1,…,uN } .

   (ii) ∑s∈S
p( s)= 1 .

  (iii)  The first-order inclusion probabilities satisfy π i ∝ x i , i=1,…,N .

Assuming π i > 0 for all i , the well-known unbiased the Horvitz-Thompson estimator 

Ŷ HT of the population total Y=∑
N

j=1
y j is defined as 

Ŷ HT= ∑
i∈ s

y i
π i  .                                        (2.1)

The variance of Ŷ HT , say V( Ŷ HT ) , may be expressed as

V( ŶHT ) = ∑
N

i=1
∑
N

j> i
(π iπ j-π ij ) ( y i /π i- y j /π j )

2

.                   (2.2)

This expression was first derived by Sen (1953) and Yates and Grundy (1953). Also, an 

unbiased sample estimator of V( ŶHT ) has been proposed by them. This estimator is 

called Sen-Yates-Grundy (1953) variance estimator and given by

V̂ SYG ( Ŷ HT ) = ∑
j < i
∑
∈s
π-1ij (π iπ j-π ij ) ( y i /π i- y j /π j )

2

.            (2.3)

Nigam, Kumar and Gupta (1984) proposed an IPPS sampling design using balanced 

incomplete block designs to provide a stable Sen-Yates-Grundy variance estimator. In order 

to explain their method, we need to define integer values r i= t z i , where t is a positive 

integer divisible by n . Their method consists of the following steps:

Step 1.  Choose an proper value of t and obtain the values of r i . Construct a sample 
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space S containing B= t/n samples, each of size n , such that the population units

ui and uj occur together once in each of α ij samples, where α ij  is a parameter of the 

balanced incomplete block design and satisfies 

β ij/2≤α ij≤β ij ,                                    (2.4)

where β ij=[r i r j /B] , and [x] denotes the largest integer contained in x .

  Step 2.  Select a sample s randomly from S in such a way that the probability of 

selecting a sample is B-1 .

This method is expected that the following condition for the stability of the 

Sen-Yates-Grundy variance estimator is reasonably satisfied.

                  min(π ij /π iπ j ) > φ ,                                   (2.5)

where φ is a value to be far away from zero.

But the method not only demands a skillful handling of the various methods of 

construction of balanced incomplete block design but also needs a judicious combination of 

more complicated block designs for the case of n > 2 .

Now we introduce a new IPPS sampling design below.

Let each sample drawn from U  be s k ( k=1,2,…,
N
n( ) ). It is of interest to  

examine the following term of π ij on (2.3).

π
-1
ij (π iπ j-π ij )                                      (2.6)

And let V̂ SYG ( Ŷ s k ) denote the Sen-Yates-Grundy variance estimator for each sample

s k and we consider a specific sampling design minimizing 

∑
l

k=1
V̂ SYG ( Ŷ s k ) , l=

N
n( ) .                           (2.7)

Then the minimization of (2.7) amounts to minimizing

(n-1) ∑
N

i=1
∑
N

j> i
π-1ij (π iπ j-π ij ) .                           (2.8)

This requirement leads to formulating mathematical programming approach with an 

objective function and constraints that are linear or nonlinear for establishment second-order 

inclusion probabilities π ij . Since (n-1) is a constant, the optimization problem we have 
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formulated is to find {π ij, j > i=1,…,N } that minimize

∑
N

i=1
∑
N

j> i
π- 1ij (π iπ j-π ij ) .                              (2.9)

It is essential to add some constraints to satisfy the above-mentioned basic properties of 

IPPS sampling design and to ensure the stability of the Sen-Yates-Grundy variance 

estimator, comparable to the IPPS sampling design proposed by Nigam, Kumar and Gupta 

(1984). 

Considering all of these respects, optimal IPPS sampling design problem to find 

{p(u i∈s ∧ u j∈s ), j > i=1,…,N } can be expressed as follows:

   Minimize ∑
N

i=1
∑
N

j > i
p(u i∈s )p(u j∈s ){p(u i∈s ∧ u j∈s )}

- 1

      

   subject to (i) ∑
N

j≠i
p(u i∈s ∧ u j∈s )= (n-1) p(u i∈s ) ,                       (2.10)

               (ii) β p(u i∈s )p(u j∈s ) ≤ p(u i∈s ∧ u j∈s )≤ p(u i∈s )p(u j∈s ) ,

     where p(u i∈s )= nz i ,

            0 < β < 1 .

Although it seems that solving optimal sampling design problem of (2.10) may not be 

difficult, the proposed method would be computer intensive since it involves the calculation 

of N(N-1)/2 values π ij=p (u i∈s ∧ u j∈s ) . However, the method may be 

recommended to select a small number of first-stage units from each of strata. 

3. An Illustration

We consider a population of 4 units with z 1 = 0.4 , z 2 = 0.3 , z 3 = 0.2

z 4 = 0.1 given by Yates and Grundy (1953) to show the practical utility of the proposed 

method. Suppose an IPPS sample of size 2 is to be selected.

The sampling plans corresponding to three choices below in Nigam, Kumar and Gupta's 

(1984) method and obtained by the proposed approach using mathematical programming are 

presented in Table 1. Note that for the proposed method, an appropriate value of β in 

(2.10) is the maximum in solving a design problem.

t=30,r 1=12, r 2=9,r 3=6, r 4=3,B=15

t=40,r 1=16, r 2=12,r 3=8, r 4=4,B=20

   t=100,r 1=40, r 2=30,r 3=20, r 4=10,B=50
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Note. Nigam: Nigam, Kumar and Gupta's (1984) method

      Kim: Proposed method

A comparison of the values of φ ij below from the same methods in Table 1 is shown in 

Table 1.

φ ij= π ij /π iπ j= p(u i∈s ∧ u j∈s ){p(u i∈s )p(u j∈s )}
- 1

Note. See notes for Table 1.

The values of φ ij from Table 1 indicates that the proposed scheme is better than one of  

 Nigam, Kumar and Gupta with respect to the stability of Sen-Yates-Grundy variance 

estimator, although the method using balanced incomplete block designs can be gradually 

improved by a suitable choice of t . Note that repeating for choosing a proper value of t

in Nigam, Kumar and Gupta's method does not appear to be preferable.

 

4. Conclusion 

We have proposed an IPPS sampling design by a mathematical programming. This 

<Table 2> Comparison of the stability of variance estimator according to 

different sampling designs 

 Sample s

φ ij

Method 

Nigam( t=30 ) Nigam( t=40 ) Nigam( t=100 )  Kim 

(1, 2) 0.833 0.625 0.500 0.456

(1, 3) 0.556 0.417 0.500 0.454

(1, 4) 0.417 0.625 0.625 0.681

(2, 3) 0.278 0.417 0.417 0.454

(2, 4) 0.833 0.781 0.813 0.795

(3, 4) 0.972 0.938 0.917 0.909

<Table 1> Sampling plan according to different sampling designs 

 Sample s

p( s)

Method 

Nigam( t=30 ) Nigam( t=40 ) Nigam( t=100 )  Kim 

(1, 2) 0.0667 0.0500 0.0400 0.0365

(1, 3) 0.0667 0.0500 0.0600 0.0545

(1, 4) 0.0667 0.1000 0.1000 0.1090

(2, 3) 0.0667 0.1000 0.1000 0.1090

(2, 4) 0.2666 0.2500 0.2600 0.2545

(3, 4) 0.4666 0.4500 0.4400 0.4365
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sampling scheme is simple to use and is optimal in the sense that the basic properties of 

an IPPS design are precisely satisfied and it provides more stable variance estimator. In 

addition, for any sample sizes including the case of n > 2 , the proposed method appears to 

be an appropriate method.
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