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Abstract

For the analysis of an r by c contingency table having ordered row categories and
ordered column categories, a bootstrap method is applied for the model-based likelihood
ratio test for independence. A model-based likelihood ratio chi-square statistic and the
statistic of the maximum eigenvalue of a Wishart matrix are also discussed. A simulation
study is performed to compare the proposed method with existing ones. A real data
example is included.

1. Introduction

For the analysis of an r by c contingency table having ordered row categories and ordered
column categories, there are several advantages to be gained from using ordinal models which
use information on ordering instead of the standard procedures appropriate for nominal cat-
egorical data. For ordinal categorical data, a greater variety of models exist which are more
parsimonious and have simpler interpretations than the nominal methods(Davis, 1988).

Goodman(1979) proposed two association models known as the “linear by linear associ-
ation”(LL), and the “row and column effects”(RC) models. These approaches provide a
method for estimating scores for row categories and column categories, and a chi-squared
goodness-of-fit statistic for testing the hypothesis of independence between the row and col-
umn variables. Agresti(1990) showed that when the LL model holds, the ordinal test based on
the model is asymptotically more powerful. For the RC model, Haberman(1981) obtained a
rather complicated asymptotic distribution of the test statistic for the hypothesis of indepen-
dence. Haberman(1981) showed that the independence test based on the canonical correlation
model is asymptotically equivalent to the test of independence based on the RC model under
the null hypothesis. The approximate critical values for these tests can be obtained from the
distribution of the maximum eigenvalue of a central Wishart matrix. However, the difficulty
of calculating multiple integrals must be undertaken to compute the distribution of the max-
imum eigenvalue of the matrix. Hanumara and Thompson(1968) suggested an approximate
formula to compute the cumulative distribution function of the maximum eigenvalue. But
this approximation method has some limitations. For this reason, a bootstrap method is
considered as a test of independence for the ordered categorical variables.

In this paper, we apply the bootstrap method for the approximation of the distribution of
the model-based likelihood-ratio test statistic. A simulation study is carried out to compare
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the bootstrap method with other methods. The methods discussed in this paper are also
applied to a real data set.

2. Test of Independence

2.1 Test of independence
Consider an r × c contingency table having ordered row and ordered column categories.

Let nij denote the cell frequency in the ith row and jth column of the table and let mij

denote the corresponding expected frequency under some model. Let ni. =
∑c

j=1nij be the
row marginal totals, n.j =

∑r
i=1nij be the column marginal totals, 1 ≤ i ≤ r, 1 ≤ j ≤ c.

Assume that the nij have a multinomial distribution with sample size N =
∑r

i=1

∑c
j=1 nij

and with cell probabilities πij ≥ 0, 1 ≤ i ≤ r, 1 ≤ j ≤ c. Let fij = N−1nij , fi. = N−1n.j and
f.j = N−1n.j denote the relative frequencies corresponding respectively to nij , ni. and n.j .

Consider a test of the independence hypothesis

πij = πi.π.j , 1 ≤ i ≤ r, 1 ≤ j ≤ c, (1)

where πi. are row marginal probabilities and π.j are column marginal probabilities. Let
gij = fi.f.j be maximum likelihood estimates of πij under the independence model. Most
tests for independence rely on the Pearson chi-square statistic

X2(I) = N
r∑

i=1

c∑

j=1

(fij − gij)2/gij (2)

or the likelihood ratio chi-square test statistic

G2(I) = 2
r∑

i=1

c∑

j=1

nij log(fij/gij). (3)

For ordinal classifications, Agresti(1990) showed that when a linear by linear association
model say M1 holds, the ordinal test based on G2(I|M1) is asymptotically more powerful
than the test based on G2(I) .

Goodman(1979) proposed a so-called RC model given by

log mij = µ + λi
X + λj

Y + βµiνj . (4)

Model (4) requires assigning scores µi and νj to the rows and columns respectively with the
constraints

r∑

i=1

µiπi. =
c∑

j=1

νjπ.j = 0,

r∑

i=1

µi
2πi. =

c∑

j=1

νj
2π.j = 1 .

Under these constraints, the measure of association parameter β between row and column
categories can be interpreted as a correlation ρ in a bivariate normal distribution.

The general saturated model for an r by c contingency table written as a log-linear model
is

log mij = µ + λi
X + λj

Y + λXY
ij = independence + λXY

ij . (5)

The RC model of (4) can be considered as a special case of the saturated model by considering
the (r−1)(c−1) parameters λXY

ij . The hypothesis of independence of the two-way contingency
table can be rejected when model (4) is accepted. This kind of independence test is equivalent
to the test of hypothesis H0 : β = 0 vs. H1 : β �= 0 in the RC model where β is a measure of
the association parameter.



2.2 Model-based test of independence

The RC model can be employed to test for independence of the row and column vari-
ables. Now, we consider the RC model-based test of independence. Let f̂ij be the maximum
likelihood estimator of πij under the RC model. Then we have model-based test statistics,
where

X2(I|RC) = N
r∑

i=1

c∑

j=1

(f̂ij − gij)2/gij (6)

is the RC model-based Pearson chi-square test statistic, and

G2(I|RC) = 2
r∑

i=1

c∑

j=1

nij log(f̂ij/gij) (7)

is the RC model-based likelihood ratio chi-square test statistic.
Since the RC model is not log-linear, the asymptotic distributions of the model-based test

statistics in (6) and (7) may not follow the chi-square distribution.

Theorem(Haberman, 1981) Let F (r−1, c−1) be the maximum eigenvalue of an (r−1)×(r−1)
Wishart matrix with (c−1) degrees of freedom and let λ(r−1, c−1, α) be the αth percentile
of the distribution of F (r − 1, c − 1). Then,

P [X2(I|RC) > λ(r − 1, c − 1, α)] − P [F (r − 1, c − 1) > λ(r − 1, c − 1, α)] −→ 0,

P [G2(I|RC) > λ(r − 1, c − 1, α)] − P [F (r − 1, c − 1) > λ(r − 1, c − 1, α)] −→ 0.

2.3 Bootstrap Method

To avoid numerical difficulties, we propose a bootstrap method for the approximation of the
p-value of the testing procedure. For the properties of the bootstrap method for categorical
data analysis, see Jhun and Jeong(2000). They constructed bootstrap simultaneous confidence
regions for several multinomial populations that compared favorably with classical methods.
We use the following steps for the bootstrap method.

step 1) For given data {nij : 1 ≤ i ≤ r, 1 ≤ j ≤ c}, fit the RC model and independence model
and compute the corresponding expected random vectors {f̂ij : 1 ≤ i ≤ r, 1 ≤ j ≤ c}
and {gij = fi.f.j : 1 ≤ i ≤ r, 1 ≤ j ≤ c}. Compute the likelihood ratio test statistic
G2(I|RC).

step 2) From the expected random vector {gij = fi.f.j : 1 ≤ i ≤ r, 1 ≤ j ≤ c}, under the
independence model, obtain the bootstrap sample {nij

∗ : 1 ≤ i ≤ r, 1 ≤ j ≤ c}.
step 3) For the bootstrap sample, compute G2∗(I|RC).

step 4) Repeat steps 2 and 3 sufficiently many times, say B times.

step 5) Compute the bootstrap p-value by αBoot = #[G2∗(I|RC) ≥ G2(I|RC)]/B

3. Simulation Study



Table 1: Estimated significance level and power of the three methods from ρ = 0.0 to 0.5
Sample Size N=50 N=100 N=250 N=50 N=100 N=250

Nominal level .05 .10 .05 .10 .05 .10 .05 .10 .05 .10 .05 .10
r × c Method Rho = 0.0 Rho = 0.1

3 × 3 Chi-square .025 .082 .049 .109 .061 .116 .040 .095 .086 .161 .142 .241
Wishart .031 .087 .048 .092 .056 .101 .044 .091 .106 .156 .156 .236
Bootstrap .053 .104 .047 .095 .057 .101 .063 .123 .102 .156 .158 .241

4 × 4 Chi-square .008 .030 .029 .087 .052 .109 .018 .047 .078 .140 .136 .217
Wishart .009 .033 .046 .104 .052 .108 .019 .061 .066 .136 .133 .223
Bootstrap .053 .111 .049 .110 .049 .098 .074 .136 .079 .144 .129 .217

5 × 5 Chi-square .000 .000 .026 .058 .052 .101 .000 .000 .031 .081 .119 .186
Wishart .000 .001 .033 .080 .053 .119 .000 .004 .037 .083 .105 .182
Bootstrap .043 .117 .062 .121 .051 .095 .071 .136 .071 .146 .094 .178

Rho = 0.2 Rho = 0.3
3 × 3 Chi-square .085 .238 .258 .374 .514 .649 .192 .301 .494 .647 .920 .956

Wishart .071 .195 .253 .361 .510 .637 .176 .303 .470 .617 .912 .955
Bootstrap .142 .248 .250 .369 .515 .642 .232 .345 .484 .623 .916 .959

4 × 4 Chi-square .029 .076 .175 .283 .451 .578 .045 .108 .386 .519 .876 .930
Wishart .033 .071 .177 .284 .461 .593 .045 .127 .398 .526 .885 .943
Bootstrap .109 .185 .181 .288 .454 .575 .182 .289 .409 .529 .880 .938

5 × 5 Chi-square .000 .000 .075 .144 .389 .506 .000 .001 .178 .296 .834 .892
Wishart .000 .005 .089 .161 .392 .553 .001 .008 .192 .323 .865 .929
Bootstrap .076 .149 .144 .236 .384 .506 .121 .212 .291 .419 .855 .910

Rho = 0.4 Rho = 0.5
3 × 3 Chi-square .424 .531 .782 .870 .996 .999 .579 .709 .960 .983 1.000 1.000

Wishart .411 .522 .778 .865 .996 .999 .579 .686 .957 .983 1.000 1.000
Bootstrap .464 .589 .780 .863 .995 .999 .635 .736 .957 .983 1.000 1.000

4 × 4 Chi-square .136 .231 .688 .795 .994 .997 .283 .423 .920 .962 1.000 1.000
Wishart .138 .245 .705 .821 .997 .999 .306 .462 .938 .975 1.000 1.000
Bootstrap .316 .429 .721 .825 .997 .999 .525 .654 .940 .979 1.000 1.000

5 × 5 Chi-square .001 .004 .380 .539 .986 .998 .004 .019 .710 .826 1.000 1.000
Wishart .002 .012 .458 .622 .998 1.000 .012 .049 .795 .892 1.000 1.000
Bootstrap .198 .316 .588 .712 .997 1.000 .330 .472 .890 .938 1.000 1.000

To explore the performance of the procedures discussed in section 2 for testing the hypoth-
esis of independence in the r × c ordinal contingency table, a simulation study is carried out
for the estimation of the nominal significance level and power.

3.1 Simulation Design

A pseudo r×c contingency table having ordered categories was considered for the simulation
study. A random sample of size N was generated from a bivariate normal distribution with
correlation ρ. We consider 3 × 3, 4 × 4 and 5 × 5 tables, respectively. The cutpoints for the
marginal N(µ, σ2) were selected at µ±0.6σ when r = c = 3, at µ and µ±0.8σ when r = c = 4
and at µ ± 0.3σ and µ ± 1.0σ when r = c = 5.

For each of the simulated data sets, three methods were applied for the computation of the
p-values. A total of B=500 bootstrap samples were used in step 4 for the Monte Carlo approx-
imation of the bootstrap method. These procedures were repeated 1000 times independently
in order to estimate the significance level and power of the testing procedures.

3.2 Simulation results

The results are based on the cutpoints for respective table sizes explained in section 3.1.
When ρ = 0, row and column variables are independent and the power indicates the type I
error rate. The result of a power close to the nominal significance level will be preferred for
this case. Note that the bootstrap method is very close to its targeted nominal significance
level even though the contingency table has sparse cells, whereas the Wishart and chi-square
methods show a considerably conservative trend. In particular, the likelihood ratio chi-
squared method gives very non-conservative results for sparse tables. Wishart method is
superior to the chi-squared method a little bit, but not substantially. All three methods



Figure 1: Changes of power for model based case, 4 × 4 table, α = 0.05

improve as the sample size increases. As ρ tends to 1, we have strong evidence for the
alternative hypothesis. Therefore we note that the estimated powers of the three methods
increase as ρ increases. When the sample size is small and the contingency table size is large,
the bootstrap method is more powerful than the other methods. However, the differences
between the methods decreases as the sample size increases. For a large sample(N = 250),
the power of the Wishart method looks greater than the other methods as the correlation
increases, but the differences are rather small.

In order to investigate the effect on power, we considered the model-based case which
preserves the correlation not affected by cutpoints. Figure 1 shows the effect on power for
the three methods in a 4 × 4 contingency table as the correlation increases. For the case of
N = 50, the power of the bootstrap method looks relatively higher than the other methods.
The Wishart method has greater power than the likelihood ratio chi-square method, but the
powers of the Wishart method are lower than those of the bootstrap method.

4. Example

Table 2 shows a contingency table between the smoking level and amount of High-density
lipoprotein cholesterol(HDL good cholesterol) in the blood for 103 persons. In fact, amount
of the HDL cholesterol increases, as the smoking level decreases. The rows represent smok-
ing level and the columns represent the diagnosis level of HDL cholesterol measurement
in the blood. From the likelihood ratio chi-square test, since G2(I)=13.639 with 9 de-
grees of freedom and the p-value is 0.136, we do not reject the hypothesis of indepen-
dence between row and column variables. If we apply the RC model, then G2(RC)=2.250
with 4 degrees of freedom and the p-value is 0.689. Thus we may conclude that the RC
model fits well. The model-based likelihood ratio chi-square test statistic of independence is



Table 2: Level of HDL cholesterol in the blood and smoking level
Smoking level level of HDL cholesterol in the blood.

Status Normal(A) Low normal(B) Borderline(C) Abnormal(D) Total
No Smoking 15 3 6 1 25

Less than 5 fill 8 4 7 2 21
Less than 10 fill 11 6 15 3 35
More than 10 fill 5 1 11 5 22

Total 39 14 39 11 103

G2(I|RC) = G2(I) − G2(RC)=13.639 − 2.250 = 11.389. By using the null distribution of
the maximum eigenvalue of the 3 × 3 Wishart matrix with 3 degrees of freedom, the p-value
= 0.095 is obtained. The p-value of the Wishart method shows that the table has a little
association between row and column variables. The bootstrap model-based test of indepen-
dence gives a p-value of P [G2∗(I) − G2∗(RC) ≥ G2(I) − G2(RC)] = 0.049. In addition, the
bootstrap p-value for the goodness-of-fit statistic for the RC model is P [G2∗(RC) ≥ G2(RC)]
= 0.657, which is close to that for the likelihood ratio test. For Monte carlo approximation
we use B=1000 replications. Thus, for the model-based test, bootstrap methods can reject
the null hypothesis of independence but the likelihood ratio method and Wishart methods
fail to reject the null hypothesis under the significance level 0.05.

5. Concluding Remarks

The Pearson chi-square statistic is generally used for the test of independence but the power
is not high for small sample size. For the ordered case, the G2(I|RC) test statistic based on
the RC model can be used but it involves some computational difficulties. Simulation results
indicate that the bootstrap method can provide better power than G2(I|RC) for the ordinal
contingency table and achieves a given nominal significance level for small sample size. We
conclude that the proposed bootstrap method provides a useful nonparametric alternative to
the widely used chi-squared test of independence for ordinal categorical data.

References

Agresti, A. (1990). Categorical Data Analysis. New York: Wiley Interscience.

Davis, C. (1988). Estimation of row and column scores in the linear-by-linear association
model for two-way ordinal contingency tables. In:Proceedings of the 13th Annual SAS
Users Group International Conference, 946-951. NC: SAS Institute Inc.

Hanumara, R.C. and Thompson, W.A. (1968). Percentage points of the extreme roots
of a Wishart matrix. Biometrika. 55, 505-512.

Goodman, L.A. (1979). Simple models for the analysis of association in cross-classifications
having ordered categories. Journal of the American Statistical Association. 74, 537-552.

Haberman, S.J. (1981). Tests for independence in two-way contingency tables based
on canonical correlations and on linear-by-linear interaction. Annals of Statistics. 9,
1178-1186.

Jhun, M. and Jeong, H.C. (2000). Applications of bootstrap methods for categorical
data analysis, Computational Statistics & Data Analysis. 35, 83-91.


