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Abstract

In this paper a class of uni/bimodal distributions is proposed as a model
for data concentrated about two directions in roughly equal proportions. This
is an extension of earlier work on the skew-normal distribution introduced by
Azzalini (1985). The class, which depends on a shape parameter θ ∈ (−∞,∞),
includes the normal distribution as a special case. Further it defines yet an-
other conditional distribution of compositely truncated bivariate normal distri-
butions. Some distributional properties and inferences of the class are studied
and further extensions are described.
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1. Introduction

A random variable W is said to be skew-normal with parameter λ, written
W ∼ SN(λ), if its density function is

2φ(w)Φ(λw), −∞ < w < ∞, (1)

where φ(w) and Φ(w) denote the standard normal and distribution function, re-
spectively; the parameter λ which regulates the skewness varies in (−∞,∞), and
λ = 0 corresponds to the standard normal density. The distribution is suitable
for the analysis of data exhibiting a unimodal empirical distribution but with some
skewness present, a situation often occurring in practical problems. A systematic
treatment of the distribution, developed independently from earlier works, has been
given by Azzalini (1985) and Henze (1986). See, Kim(2002) and references therein,
for the applications of the distribution.

The major goal of this paper is to introduce a class of generalized normal dis-
tributions as a variant of the skew-normal distribution. The interest in the class
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comes from both theoretical and applied direction. On the theoretical side it enjoys
a number of formal properties which resemble those of the skew-normal distribu-
tion and produces a class of uni/bimodal distributions. Further it defines a class of
conditional distributions of X(1) given X(1)X(2) > 0 (or X(i) > 0, or X(i) < 0,

for i = 1, 2) when (X(1), X(2)) has a bivariate normal distribution. In the applied
viewpoint, the class of generalized normal distribution provides yet another models
that enable us to analyze a truncated (or censored) data set. From the other applied
viewpoint, the distribution is potentially relevant for checking bimodality and nor-
mality of a data set, because its shape parameter θ ∈ (−∞,∞) provides continuous
variation from double mode distribution to single mode one (including normal at
θ = 0).

2. The Class of Uni/Bimodal Density Functions

Lemma 2.1. Let f be a density function symmetric about 0, and G an absolutely
continuous distribution function such that G′ is symmetric about 0. Then

aθf(u)G(θ|u|), −∞ ≤ u ≤ ∞ (2)

is a symmetric density function for any θ, where a−1
θ = 2

∫∞
0 G(θu)f(u)du.

An acceptance-rejection technique which generates a random variable Z with
density (3) is following one. Sample V and U from G′ and f , respectively. If
V < θ|U |, then put Z = U , otherwise restart sampling a new pair of variables V

and U , until the inequality V < θ|U | is satisfied.

Lemma 2.2. If U is a N(0, 1) random variable, then

E{Φ(λ|U |+ k)} = Φ{k/
√

1 + λ2}+ 2T (k/
√

1 + λ2, λ)

for any real λ and k, where T (h, a) is the function studied by Owen(1956) which
gives the integral of the standard normal bivariate density over region bounded by
lines x = h, y = 0, and y = ax in the (x, y) plane.

A computer routine which evaluates T (h, a) has been given by Young and Minder
(1974). It is known that T (h, a) is a decreasing function of h and T (−h, a) = T (h, a),
T (h,−a) = −T (h, a), 2T (h, 1) = Φ(h)Φ(−h), and 2T (0, a) = π−1 tan−1 a.

Definition 2.1 A random variable Z is a generalized random variable with shape
parameter θ ∈ (−∞,∞), written Z ∼ GN(θ), if its probability density function is

h(z; θ) = cθφ(z)Φ(θ|z|), −∞ < z < ∞. (3)



The following properties follow immediately from the definition.

Property 1. The GN(0) density is the N(0, 1) density.
Property 2. As θ →∞, h(z; θ) tends to the N(0, 1) density.
Property 3. If Z is a GN(θ) random variable, then −Z is a GN(θ) random

variable.
Property 4. For θ > 0, the density (3) is strongly bimodal, i.e. in each region

of z ∈ (−∞, 0] and z ∈ [0,∞), log h(z; θ) is a concave function of z.

Property 5. For θ > 0, two modes of (3) are located at z = ±α, α > 0, where
α satisfies

α = θφ(θα)/Φ(θα).

Corollary 2.1 Let (Z(1), Z(2)) be a bivariate normal random variable with stan-
dardized marginals and correlation ρ, and let θ(ρ) = ρ/

√
1− ρ2. Then

1. the conditional distribution of Z(1) given Z(i) < 0, i = 1, 2, is TGN{z(1)<0}(θ(ρ)),
where TGN{z(1)<0}(θ(ρ)) distribution denotes singly truncated GN(θ(ρ)) dis-
tribution from above with the upper truncation point 0.

2. the conditional distribution of Z(1) given Z(i) > 0, i = 1, 2, is TGN{z(1)>0}(θ(ρ)),
where TGN{z(1)>0}(θ(ρ)) distribution denotes singly truncated GN(θ(ρ)) dis-
tribution from below with the lower truncation point 0.

3. the conditional distribution of Z(1) given Z(1)Z(2) > 0 is GN(θ(ρ)), where
θ(ρ) = ρ/

√
1− ρ2.

It is straightforward to see, from Definition 2.1, that respective densities of the
conditional distributions, TGN{z(1)<0}(θ(ρ)) and TGN{z(1)>0}(θ(ρ)) are

f(z(1)) = 2cθφ(z(1))Φ(−ρ(θ)z(1)), −∞ < z(1) < 0,

and
f(z(1)) = 2cθφ(z(1))Φ(ρ(θ)z(1)), 0 < z(1) < ∞,

where cθ = 2/(1 + 2 tan−1 θ/π). When a class of bivariate normal distributions
parametrized by (µ1, µ2, ρ, σ1, σ1) are considered, using the standardized Z(1) and
Z(2) variables we define X(i) = µi + σiZ(i), i = 1, 2. It is clear that the three
conditional distributions of X(1) obtained from Corollary 2.1 depend only on pop-
ulation the mean µ1, the standard deviation σ1 of X(1) and ρ. This implies that
Corollary 2.1 enable us to make inference for untruncated marginal distribution of



X1 when the X(1) and X(2) variables are truncated (or censored) in each from of
the condition in the corollary, but only truncated X(1) values are observed.

3. Distribution Function and Moments

Denote by H(z; θ) the distribution function of (3), i.e.

H(z; θ) = cθ

∫ z

−∞

∫ θ|t|

−∞
φ(t)φ(u)dudt. (4)

Since h(z; θ) is symmetric about 0, for positive values of z,

H(z; θ) = 1/2{1 + cθ[Φ(z)− 1/2 + π−1 tan−1 θ − 2T (z, θ)]}.

Note from property 3 that the odd moments of Z are equal to zero. For computing
the even moments, we use the moment generating function.

The moment generating function of Z ∼ GN(θ) is

MZ(t) = cθ et2/2
[
I(θ ≥ 0)− 2T

(
θt/

√
1 + θ2, 1/θ

)]
, (5)

where I(·) is an indicator function.

We see, from the moment generating function, that as θ → 0 (or → ∞), MZ(t)
tends to that of N(0, 1). After some algebra, we obtain

EZ = 0 and var(Z) = 1 + cθθ/(π(1 + θ2)).

4. Estimation and Testing

4.1 The Information Matrix
In practice, one will often work with the family of distributions generated by the

transformation X = ν + δ−1Z, where δ > 0. The density of the random variable X

is
h(x; θ, ν, δ) = cθδφ(δ(x− ν))Φ(θδ|x− ν|). (6)

The Fisher information matrix I for the parameters (θ, ν, δ) is easily computed.
The important point is that there is sufficient regularity for the asymptotic nor-

mality of the MLE’s to hold when I is non-sigular, and in this case they have
var-covar matrix I−1. In fact I is nonsigular as long as θ 6= 0, the normal case. As
θ → 0, it follows from the form of I−1 that ν will be asymptotically independent of
θ and δ.

4.2 Maximum Likelihood Estimation



Let X1, . . . , Xn be a random sample from the distribution with density (6). For
any fixed θ, upon using the parameterization α = δν, the log-likelihood, Ln, becomes

Ln = const. + n ln δ +
n∑

i=1

lnφ(wi) +
∑

1 lnΦ(ui) +
∑

2 lnΦ(vi), (7)

where
∑

1(
∑

2) denotes summation over all observations where (xi− ν) greater than
equal to (less than) 0, wi = δxi − α, ui = θδxi − θα, vi = −θδxi + θα. Since, for
fixed θ, δ, w, u, and v are all linear functions of the parameters δ and α, Ln is
concave with respect to these parameters provided each of functions, ln, lnφ and
lnΦ is concave with respect to its corresponding arguments, δ, w, u, and v.

Thus, for any fixed θ, the equations for δ and α have a unique solution simply
because of the log-concavity of (7). Therefore, a convenient way of estimation is
standard Newton-Raphson procedure. Repeat this step for a reasonable range of
values of θ to get profile likelihood of θ, and then we estimate θ from the profile
likelihood.

4.3 Hypothesis Testing
There are several hypotheses concerning the bimodal distribution of X = ν +

δ−1Z, where Z ∼ GN(θ). Three are mentioned below, and large sample tests of
these hypotheses against the generalized normal alternative, D, are suggested.

For any hypothesis K, LK will denote the maximum of the likelihood function
when K is assumed. In case (i)-(iii) below, the alternative hypothesis, A, is that the
observations are from D with no restriction on parameters.

(i) Null hypothesis H1: θ = 0 (i.e. Normal hypothesis): LH1 is the maximum likeli-
hood under the normal hypothesis. H1 should be rejected if Λ1 = −2 log[LH1/LA]
is large compare with a χ2

(1) random variable.

(ii) Null hypothesis H2: θ = θ0, where θ0(6= 0) is specified: When n is large,
√

n(θ̂− θ0) is approximately N(0, i11) if H2 is true, where I−1 = {ij`} defined
in Section 3.1. H2 should be rejected if |θ̂−θ0| > M î11/

√
n, where M satisfies

P (|N(0, 1)| > M) = α, and α is the chosen size of the test.

(iii) Test for bimodality: Under hypotheses, H3 : θ ≤ 0 (i.e. Unimodal hypothesis)
versus A : θ > 0 (Bimodal hypothesis), an approximate UMP test rejects H3

if θ̂ < M∗ î11/
√

n, where M∗ satisfies P (N(0, 1) > M∗) = α, and α is the
chosen size of the test.

5. Asymmetric Class of Densities and Bayes Theorem



Lemma 4.1. Assume U and V are independent N(0, 1) random variables, and
let θ ∈ R and ξ ∈ R. Then the density function of U conditionally on V < θ|U + ξ|
is

c(θ,ξ)φ(u)Φ(θ|u + ξ|), −∞ < u < ∞, (8)

where
c(θ,ξ) = {I(θ ≥ 0)− 2T (θξ/

√
1 + θ2, 1/θ)}−1.

This boarder class of distributions, which will for brevity be termed GNE =
{GNE(θ, ξ) : θ ∈ R, ξ ∈ R} is defined by the densities

h(z∗; θ, ξ) = c(θ,ξ)φ(z∗)Φ(θ|z∗ + ξ|), −∞ < z∗ < ∞, (9)

and we write Z∗ ∼ GNE(θ, ξ), if a random variable Z∗ has density (9). Observe
that GN = {GNE(θ, 0) : θ ∈ R}.

A well-known property of the normal distribution is that, if Y is N(W,σ2) where
a priori W is a normal random variable, then the a posterior distribution of W is
still normal. An analogous fact is true if a priori W has probability density function

h(w;λ1, λ2, θ, ξ) = c(θ,ξ)λ
−1
2 φ((w − λ1)/λ2)Φ(θ|(w − λ1)/λ2 + ξ|), −∞ < w < ∞,

(10)
where W = λ1 + λ2Z

∗ with Z∗ ∼ GNE(θ, ξ). Let denote the distribution as
W ∼ GNE(λ1, λ2, θ, ξ). Then, some simple algebra shows that the posterior density
function of W given that Y = y is still of type (10) with (λ1, λ2, θ, ξ) replaced by

y/σ2 + λ1/λ2
2

1/σ2 + 1/λ2
2

, (1/σ2 + 1/λ2
2)
−1/2,

θ(1 + λ2
2/σ2)−1/2,

(
ξ + (y − λ1)

λ2

σ2 + λ2
2

)
(1 + λ2

2/σ2)1/2.

Note that the parameter θ shrinks towards 0, independently of y, and that the
updating formulae of the first two parameters are the same of the normal prior case.
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